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Abstract— Our starting point is the multiplicative utility func-  operators in fact only a few are actually used. The main ekass
tion which is extensively used in the theory of multicriteria deci- of the operators are:
sion making. Its associativity is shown and as its generalization a . L .
class of operators is introduced with fine and useful properties. 1) m'n'max’ which is W'd_ely gsed in fuzzy control, .
As special cases it reduces to well-known operators of fuzzy 2) drastic operators, which is the closest one to binary
set theory: min/max, product, Einstein, Hamacher, Dombi and logic,

drastic. As a consequence, we generalize the addition of velocities  3) the strict operators, which play an important role in

in Einstein’s special relativity theory to mult.lple. moving objects. engineering applications. The main strict operators are
Also, a new form of the Hamacher operator is given, which makes

multi-argument calculations easier. We examine the De Morgan the product, Hamacher, Frank, Einstein, and Dombi
identity which connects the conjunctive and disjunctive operabrs operators.
by a negation. It is shown that in some special cases (min/max, 4) the nilpotent operators.

drastic and Dombi) the operator class forms a De Morgan triple |, this article we concentrate on the first three classes

with any involutive negation. . L . .
of operators. Our main objective is to introduce a class
Index Terms—fuzzy operators, hedges, membership function of generalized operators which includes most well-known
operators. The class contains a two-parametrical family of
I. INTRODUCTION operators which generalize the Dombi operators by presgrvi

N the last decades many operators were introduced. TheMain properties. This operator class contains the Haerac
most important ones can be found in many handbooks pd Elnst_em operators, and as a limit we can get the min-max
monographs dealing with fuzzy logic. The Dombi operator &nd drastic operators, too. o
a special one because the sign of its parameter determiaes tH\S & corollary of the multivariate Einstein operator we get
type of the operator i.e. whether it is conjunctive or dijiire. the closed form of the additivity law of velocities in the

From the practical point of view there is a great interestichs Tamework of special relativity theory. We give a new form
parametrical families. There are two main reasons: of the Hamacher operator family, with which its multivagat

o . . . case can be handled more easily. The De Morgan law is also
« In applications, by changing a single parameter a different . L .
: studied and we give a necessary and sufficient condition for
logic can be modeled.

« Through a learning algorithm the appropriate paramet'etz'r
and therefore the appropriate operator can be found.

In his first paper on fuzzy sets Zadeh [1] suggested to use
the minimum and the product. Hamacher [2] discovered thatT-norms are commutative, associative and monotone oper-
operators can be generated using the solution of the asigeciations on the real unit interval with as unit element. T-
ity functional equations. Based on the result of Kuwagaki [3conorms are in some sense dual to t-norms. A t-conorm is
Hamacher got the rational form of conjunctive and disjurecti @ COmmutative, associative and monotone operation fvils
operators. By that time, researchers Working on fuzzy |ogu‘p|t element. In this paper, besides the min/max and thdidras
discovered that they can use a more general framework, Pgerators, we are concerned with strict t-norms and t-cosor
triangular norms. The history of triangular norms startéthw  Because the strict t-norm and t-conorm are special cases of
the paper “Statistical Metric Spaces” by Menger [4]. Therter the general t-norm and t-conorm classes we refer to them late
“t-norm” and “t-conorm” were introduced by Schweizer andh this article asconjuctiveanddisjunctive operatorsienoted
Sklar [5]. Their basic theory has rather independent rooky c(z,y), d(z,y) respectively.
namely the theory of functional equations and the theory of There are other reasons also to use this terminology:
groups and semigroups. For a recent reference on triangulat) We do not use pseudo inverse and ordinal sum to
norms we recommend Klement et al. [6], more details on  construct a general t-norm and t-conorm.
further generalizations in particular aggregation opeggatan 2) We do not use the commutativity axiom of t-norm and
be found in Calvo et al. [7]. Despite the wide range of t-conorm.

Il. PRELIMINARIES



3) We do not use the boundary condition of t-norm and Lemma 3: If £ =0 then
t-conorm only the compatibility with the binary logic. n
Definition 1: A t-norm ¢ : [0,1]2 — [0,1] is strict if and un(z) =Y kiwi(2). (4)
only if it is continuous, and there exists a continuous and =1
strictly decreasing functioifi. : [0, 1] — [0, oo] with f.(1) =0 Proof. By substitutingk = 0 into the expanded formula of

andlim, .o f.(z) = oo s.t. ups (3) we get the result. [ |
The utility function is normal if up/(z) = 0 whenever
c(z,y) = £ (fo(z) + foly)) . u;(z;) = 0, andup(z) = 1 wheneveru;(z;) = 1 for all
) . ) i € {1,...,n}. The normality of the utility functions implies
This representation is based on the following theorem of B
Aczel [8]. 1+ k= [+ k), (5)

Theorem 2: A continuous and strictly monotonic function b
F :[a,b]? — [a,b] is associative if and only if -

i.e. assuming the normality af,;, k is determined only by
Flaz,y) =1 (f(@) + f(y), (1) the weightsk;.

where f : [a,b] — [0,00) is strictly decreasing. Her¢ is

called agenerator functiorf I, andF is uniquely determined A. The Associativity of the Multiplicative Utility Functio

up to constant multiplier of. o Let us substituter; := k;u;(z;) in Eq. (2). Then the
Analogously, a t-conormi is strict if and only if it is transformed multiplicative utility function is

continuous and there exists a continuous and strictly asre

ing function f; : [0,1] — [0,00] with f4(0) = 0 and 1 (2
lim, 1 fa(z) = oo st.d(z,y) = f7' (falx) + faly)). We up (%) = (H(1+k$i) - 1) (6)
distinguish between conjunctive operators (resp. stnctrms) i=1
and disjunctive operators (resp. strict t-conorms). Theorem 4: The functionu}, is associative.

Strong negations are order reversing automorphisms of

e . .
unit interval. The usual requirements for a negatioare the tlgroof. The proof is based on the representation theorem of

Aczel. It can be easily verified, that (6) can also be written in

following. _ ) the form (1), by putting
N1: n:[0,1] — [0, 1] is continuous,
N2: n is strictly decreasing, f(z) =In(1 + kx), @

N3: n(0) =1 andn(1) =0,

N4: n(z) is involutive i.e.n(n(x)) = . and B .
Because in this article we deal only with strong negations we o) = (e = 1), @8)
refer 1o them asegation moreover,f fulfills the requirements of Theorem 2. ]

A negationn and a conjunctive operaterand a disjunctive

operatord fulfill the De Morgan law if . o - )
B. Logical operators and the Multiplicative Utility Funoti

d(z,y) = n(c(n(z), n(y)))- Let g : [0,1] — [0,00] be a generator function of a strict
operator. Let
[Il. THE MULTIPLICATIVE UTILITY FUNCTION f(z) =In(1 +~g(2)), ©)
In their seminal treatment of multiattribute utility thegor and so
(MAU), Keeney and Raiffa [9] show how certain conditions 1
of independence among attributes vyield the so cattedti- SN x) =g7" (69” - 1> . (10)
plicative multiattribute utility function 7
N Note, that for ally € (0,00), f fulfills the requirements of a
1 generator function of a strict operator (see for examplg)[10
ua(2) = k (1_11 (L4 khiu (=) = 1) o By Aczél's theorem, the associative operator. [0,1]" —
- ’ . [0,1] generated byf is
wherez = (z1,...,2,), u; : R — [0,1] are utility functions,

z; are evaluationsk; is the weight of theth criterion, andk o(@1, ... xn) = gL <1 (H 1+ yg(a)) — 1)> . (1)
is a scaling constant. The formula can also be expanded as o Y

n Similarly to (3), by first expanding the argument @f! to
i=1

i<d 3 3 g(zi) +v ) g(zi)g(z;)+
+ k2 Z Fikjkpui(z:)u; (25)w(z) + . .. ) ; ;
K ek Kt (21) + .t (20)- +92) " glwi)gla;)glan) + ...

allowing also fork = 0. +7" g(x1) . glan),



we can put

o(x1, .. (12)

s Tp)|y=0 =9~ (Zg )

thus the casey = 0 also results in a strict operator. Next,
we will show that different types of operators fit into the

framework depending on the choice of functinFrom now
on, let us assume that

oo = (122) .

, thatg is the generator function of the Dombi operator

W|th paramete.

IV. THE GENERALIZED DOMBI OPERATOR

Definition 5: The generator functions of the Generalized

Dombi operator are

fc(x):ln<1+’yc(1;m>a), a>0 (13)
fa(z) =In (1 + va (1;96>Q> . a<0 (19
where~y,,vq4 € [0, 00]. From
C(X) = f;l (Z fc(x1)> s
i=1
d(x) = f; " (Z fd(%)) ;
i=1
and
fil@) = L. a>0 (9
1+ (L (e - 1))
Jit ) = L .. a<0 (@9
1+ (L (em - 1)
the operators are given by
(o) _ 1
CGD e (x) = T+ D)’ a>0 a7
d(C?%'yd( ) = ﬁ’ a<0 (18)
where~,.,vq € [0, 00] and
1 [ 1—2;\* e
D, (x) = > H(l—i—v( — ))—1 (19)

1=1
Equations (17) and (18) differ only in the sign efand so
the Generalized Dombi operator class is:

05, () = 1
Y @ 1/04
1 1— a:1 o
b (5 (1 (e (52 ) =)
(20)
In the forthcoming sections, we will show thai;“‘l)h is a
strict operator foro € (—o0, 00) and~y € (0, co).

V. THE DOMBI OPERATOR CASE
The Dombi operator has the form (see [10])

o8 (x) = ! (21)

o e
+(zh (5))

and if « > 0 then the operator is conjunctive anddf < 0
then the operator is disjunctive. The next Corollary fokow
from Lemma 3, by the substitutioh = ~.

Corollary 6: The Dombi operator is a member of the
Generalized Dombi operator, i.e.4f. = v4 = 0 then

e 0(x) = ¢ (x), (22)
dS) o(x) = d (x). 23)

VI.

Hamacher [2] was one of the first who discussed how new
logical operators can be generated using the solutionseof th
associativity functional equation. As we have seen, with th
help of the generator function of the operator, infinitelynya
operators can be constructed. To restrict the solutionespac
Hamacher added a new requirement, namely he looked for
operators which can be written in rational form (a quotieit o
two polynomials). Kuwagaki [3] showed that in this case the
generator function can only have the following two forms:

THE HAMACHER OPERATOR CASE

1N 1,4 ae” +b
! (x)_cx—kd or f (x)_cer—kd

Hamacher showed that to have conjunctive or disjunctive
operators equations (24) have the following solutions

ar +b

(24)

ez

fit@) = ———— (25)
®) v+ (L —=7)e”
1 e’ -1
_ ) 2
fa (z) et (26)
The Hamacher operators are
Ty
cHqy(T,Y) = 27
#:1(@3) Y+ (1 =7y)(@+y—ay) 27)
_rzt+y—(1 -9y
dH,’Y' (3373/) - 1+ ,_ley (28)

where0 < v and -1 < 4. Lety, = 1/, and~; =
/(v +1).

Theorem 7: The Hamacher operator class is a special case
of the Generalized Dombi operator déf = +1 and.,vq €
[0, 00).

&)

A (%) = caq(x) (29)
dSp) (%) = di e (%). (30)

Proof. The inverse generator function of the Hamacher oper-
ator in the conjunctive case can be transformed into
e” 1
fot (@) = = =
T+ A —7yer  yert+(1-7)
1

B T+v(e* —1)




By theorem 2, f-!(x) generates the same operator ahe probabilities of independent events is the product ef th
f-1(Ax) where A # 0 is a constant. Let us choose= —1, event probabilities. It has the following form:
S0

1 n
—1 — .
r)= g 31 cp(x) ; (38)
7= ey (D) 11
which is the same as the inverse generator function of Gener- dp(x) =1-— H (1—a;). (39)
alized Dombi operator in the. = 1 case. i=1
The inverse generator function of the disjunctive Hamachergecause the product operator is a special case of the
operator can be transformed similarly by Hamacher operator the following Theorem holds.
. e 1 e — 1 Theorem 9: The product operator is a special case of the
fo (@) = B S S Generalized Dombi operator, i.e.qf=1 anda = +1,
1
- ! N ¢ (%) = cp(x) (40)
/ T __ - —
1+ (' +1)(er-1) d(Gl;,)l(x) = dp(x). (41)

Sincey’ + 1 =1/74, SO
VIII. T HE EINSTEIN OPERATOR CASE
1

) = n (32) Einstein in his famous work on special relativity theory

- —1
1+ - (e* —1) examined how two velocities have to be added. His result was

V1 + V2

which is the same as the inverse generator function of the
Generalized Dombi operator in the= —1 case.
It is easy to see that < v and —1 < ~' are the same where v; and v, are the summands andis the speed of

requirements as.,vq € (0,00). m light. Let us introduce the relative velocities ¢@asz = vy /c,
Corollary 8: Using the new type of generator functions wg = v3/c andz = v/c, then
can write the Hamacher operators in a new form T4y
de(z,y) =2 = . (43)
1 142y
ca(x) = (33)

It is easy to check thalg is a disjunctive operator. Because
(43) can be derived from (42) it is called Einstein operator.
The corresponding conjunctive operator can be built bygisin

1+ 2 (T (14 9etsz) - 1)

and the De Morgan identity with the negation(z) = 1 — z.
1 Because the Einstein operator is a special case of the
dp(x) = L N ‘ =5 (34)  Hamacher operator the following Theorem holds.
1+ <7d (Hi:l (1 trarty ) -1 Theorem 10: The Einstein operator is a special case of the

Comparing the new form of the Hamacher operators (3&eneralized Dombi operator, i.e.4f= 2 anda = =+1.
and (34) with the originally proposed ones, the new forms )

look more adequate for several variables. We note that the cgp2(x) = cp(x) (44)
multi_-variable form of this operator did not appear befamne i d(c‘é?a(X) = dp(x). (45)
the literature. Using this result, the n-ary Einstein operators are
Using the Generalized Dombi operator then 1
1 _
1 ¢ap,a(X) = Py T (46)
ol (x) = 1+3 (Hi'zl (1+2T¢) — 1)
Y 1 " . e\ . 1/« 1 K
. 142 (T (142525 ) - 1)
wherea € {—1,1} is a common form for the Hamacher +2 (L= (1205
operators. So and we can give the general additivity law of velocities ig th
) framework of special relativity theory.
O9GD v, (x) = cn4(x) (36) Corollary 11: Einstein’s general additivity law of veloci-
O(C;—; (x) = dgz.(x) (37) ties in his special relativity theory is
sVd ’ c (48)
where~,, v4 € [0,00), v € [0,00) andy’ € [~1, 00). v= -1
YesVa € [0,00), v € [0,00) andy’ € | ) 1+2<H?:1(1+25372,;)—1)
VIl. THE PRODUCT OPERATOR CASE Proof. Let us introducer; = v;/c, then
The product operator is one of the most widely used in i _ vi/e Y (49)
applications of fuzzy sets. Zadeh in his first paper also sug- L—ai  l-wfc c—v

gested its use. It is also called probabilistic operatorabse Using (47) and the substitution, we get (48). [ |



IX. THE DRASTIC OPERATOR CASE

X. THE MIN AND MAX OPERATOR CASE

The drastic operators introduced by Schweizer and Sklar' "€ Most widely used operators in fuzzy systems are the

in 1960 (see [11]) are used if we want to go as close 5Y
possible to the two valued logic. Because from the solution
the associativity equation it is known that

c(z,1) =c(l,z) =2
c(z,0) =¢(0,2) =0
d(z,1)=d(l,z) =1
d(z,0) =d(0,z) ==z

n and the max. They have many advantages: they are easy
1Y calculate, and they can be extended into a lattice streictu
Although in practice the strict operators are more integlgiv
used. The reason is that in the min-max case, the result
is determined only by one variable and the other have no
influence, opposite to the strictly increasing operatoke li
the Generalized Dombi operator class. Moreover, the min-
max operators are not analytical, their second derivative i
not continuous. We can establish the following theorem.
Theorem 13: The min and max operators are the limits of

so the drastic operator in the conjunctive case takes thevaktrict operators, i.e.
0if z,y € [0,1) and in the disjunctive case takes the value 1

if 2,y € (0,1]. So the drastic operators are

zify=1
cpr(z,y) =qyifx =1

0 otherwise

zify=0
dpr(z,y) =< yif =0

1 otherwise

Theorem 12: The drastic operator class is a special case

of the Generalized Dombi operator+f= oo

0D (%) = epr(x)

oG (x) = dpr(x)

Proof. The boundary caseGD (z,1,...,1) can be checked
directly from the formula, and it holds for aﬂ and a. The

can be

caseVz; € (0,1) can be proved as follows;
expanded to

(o) !

GD, (x) .

P 14 D)

where

- 1—z;\“

Dg"‘)(x) B ( Ti ) "

. Z (1;x>“ (1—.@

i,j€{1...n}
i#]

+9"]] (1;361)&

It is easy to see that

lim D(O‘)( )=0
y—00

for all a < oo, and so
lim c(g])loo(x) =0

y—00

The disjunctive case can be proved similarly.

if 2; ¢ {0,1}.

if 2; ¢ {0,1}.

lim ¢, (z,y) = min(z,y), (58)
lim d,(z,y) = max(z,y). (59)

(50) wherec, andd, are strict operators with generator functions

(51)

(52)
(53)

(54)

(55)

(56)

(57)

f&and £ (o > 0).

Proof. Let f. be a generator function of a conjunctive operator
¢, anda: > 0. Then, sincef(1) = 0 implies f*(1) = 0 and
since powers do not affect monotonicifff; is also a generator
function of a conjunctive operator denoted &y. Let z < y
then

calw ) = 17 (@) + f2 )V =

o N fa(y) 1/ (60)
-/ (f()<1+f“(x)> )

Becaused = f*(y)/f*(x) < 1 and
lim (1+A*)Y* =1

a— 00

0<A<l1

SO
lim ¢, (z,y) = = min(z, y).
a— 00

The theorem is valid for several arguments as well.

lim cq(x1, 20, ...,
a— 00

A similar proof can be given for disjunctive operators. m
Corollary 14: The min and max operators are the limits

of the Generalized Dombi operator in cage= ~4 = 0, and

a — 00 Of @ — —o0, i.e.

(@)

Tp) = min(zy, Ta, ..., Ty).

lim ogp o(7,y) = min(z, y), (61)
lim O(GL)),O(Z»?J) = max(z,y). (62)

XI. NEwW FORM OF NEGATIONS
In 1977, Sugeno introduced a family of negations [12]:

ny(x) = ﬁ, A>—1. (63)
Note thatn, = n, means\ = p. Observe als;(z) =
1 — z, and thatn satisfies conditions N1-N4 if and only if it
is decreasingr((x) > n(y) wheneverz < y) and involutive.
In this case we say that is a strong negation(also, astrict
involution). Obviously, each member of the Sugeno family is
a strong negation.



Trillas in 1979 gave a general representation theorem of tBebstituting\ into (63) we get

negation [13]: 1_ g
_1 N, (T) = PR
n(z) =" (1-f(z)), L+ =5
where f : [0,1] — [0, +00) is a continuous strictly increasing = -2 =
function with f(0) = 0. According to this, infinitely many l—xz+x (W)
negations exist. Hamacher [2] showed that the only rational 1
strong negations are of the form (63). Here we modify (63) =7 T Iwlv s

vy v l—=x

and give the semantic meaning of the technical parameter. Tw

types of characterizations will be given.

Any strong negation has a unique fix pointe (0, 1) such
that
(64)

If we fix a neutral valueyy € (0,1) (usually it isyy = 1/2)
then there exists a € (0,1) such that

n(vy) = vs.

(65)

and )\ can be expressed by, or v andy. In case of rational
strong negations we can establish the following.

Theorem 15: Given any (v,vy) € (0,1)? there exists a
unique Sugeno’s negationy, such thatny(v) vo. It is
defined by

n(v) =1

1—v—y
A=l

1240

and so ]
nw,o(:r) = 1+ 11—/01/0 lfTuﬁ
In particular,n, with
1—2v,
)\ =
v?

is the unique Sugeno’s negation havinge (0, 1) as fix point,

1 (55)

Proof. Equation (64) means in case of (63) that

Ny, (x) =

1—v,
Vx

l1—x
1=
TS
Expressing\ from this we get

Vx

Substituting into (63) we get

1—x 1—=z

s R (=

1
- 2
1+ (52)
and it is the desired form of the negation. Similarly, equmati
(65) means:

Ny, (x)

1—v,
Uy

x

l1—zx

1—v
14+ '

vy =

Expressing\ from this:

1—py—
A= -2

14014

XII. THE DE MORGAN LAW IF 7 € (0, 00)

It is natural to investigate the validity of the De Morgan law
in a consistent logical system w.r.t. some particular riegat
In this section we examine the necessary and sufficient eondi
tions of it. We suppose that the conjunctive and the disjuact
operators have the same The three operators are:

(@) 1

¢ (x) = ———— a>0 (66)
T 1 D)
1
) (x)= —— a<0  (67)
GO 1 D ()
where
n o 1/«
Dga)(X)Z 1 H(1+7(1 $z> > 1
7 \izd Li
and
1
nl/,V()(‘T) - 1+ 1-vg 1—v (;{1})_1 (68)
or
1
Ny, (CC) = L ) a1 (69)
1+ (T) (%)

where~,,vq4 € (0,00) andv, vy, vs € (0,1).

Theorem 16: The Generalized Dombi operator class (i.e.
equations (66), (67) w.r.t the negations of (68),(69)) ise D
Morgan triple if and only if

v, 1—1vy 1-v\"“
e
or
2c
v, 1—v,
o= () &

Proof. First we calculate

- nl(xn)) = cap (n(x))

We have to calculate the:

(7)) )

n(z)
and substitute into the conjunction operator, so we get that
cep (n(x)) equals

L

cep (n(xy), ..

1—1/()].—V

1Z0) v

1

(73)

1

(e

l—vgl—v =z
Vo v l—x

)"



Let us calculate: (dgp(x)). The disjunctive operator has theSimilar way as we calculated (74)

form ) (@) 1
dap(x) = —— n(dp(z)) = o i/a
1+K 1 (s (52))
e
1 Socp (n(x)) =n(dp(z)). ]
n(dap(x)) = ——7 = Theorem 18 states that by using the Dombi operator class,
1+ 1;;"’ v (17 11“() a wide range of negations can be used to form a De Morgan
1 T triplet.
=1 i Sy o) Theorem 19: The min-max operators and the drastic op-
vo v erators are De Morgan triples with any involutive negation.
Using this result we get that (d¢p(x)) equals This is a trivial consequence of the fact that min/max and the

drastic operators are invariant under any increasing tinjes
[6]. Now we give a trivial proof of it.

1
- ) o\ 1/a Proof. Let us prove the min-max case first. #f < y then
ez (L (e (52) ) =1)) @ > a) so
The coefficients of (73) and (74) must be equal before the n(min(z, y)) = n(n(y)) =y = max(z, ).
product If y <z it can be proved similarly.

1o e In the drastic case it € (0,1] andy € (0,1] then
(1) _l-wl-v (1> (75) n(z).n(y) € [0,1) and
Ye o v Yd
n(cpr(n(z),n(y))) = n(0) = 1 = dp,(z,y).

If z =0 thenn(z) =1 so

and inside the product

1Z0) 14

Ya = Ve (1 —mwl- ) (76) n(epr(1,n(y))) = n(n(y)) =y = dp.(0,y).

. " [ ]

It IS easy tq check that the conditions (75) and (76) are Corollary 20: The min-max operators form De Morgan
equivalent with each other and (70). (71) can be proved jn | ih th : f
a similar way. triples with the negations (68) and (69) for all,v,1y €

Corollary 17: If the negation is 0,1).
n(x)=1—=x XIV. CONCLUSIONS
ie.v = vy = v, = 1/2 then (66) and (67) form De Morgan N this paper we have
triples with n(x) if and only if 1) proved the associativity of the multiplicative utilityric-
tion,
Y =Ye = Ya- (77)  2) introduced the Generalized Dombi operator:
Proof. Using (70) we get 1

n 12\ L
o (=) )

. o a 3) shown new forms of rational involutive negations:
So by using (2002, (x) = 2 (x) and 052 (x) = cg3 (x) ) 9

andn(z) = 1 — 2 are De Morgan triples. ] (z) = 1
Vi - 2
r () (5
XII. THE DEMORGAN LAW IFy =0, = 00 AND o = 00 1
Mo (T)

In Theorem 16 we did not examine the case~of= 0

- 14 l=wol-v (I—J)*l
(Dombi operator),y = 1 (drastic operator) andv = +oo vo

v x

(min-max operator). 4) proved that the new operator connectives form a De
Theorem 18: The Dombi operators form a De Morgan Morgan triple with a negation iff
triple with the negations (68) and (69) with the saméor all Y l—vy 1-v\®
v, v, 1 € (0,1). L .
Ye Vo v
Proof. Using (72) we get 5) proved that the Dombi operators form a De Morgan
1 triple with any rational involutive negation

cp (n(x)) = n 1 a1/ 6) shown that the Generalized Dombi operator has the
1+ (Zi:l (7"*”&) ) following limits

Vo v l—x



Value of o
Type of operator| Value of~ | conj. disj.
Dombi 0 O<a|a<0
Product 1 1 -1
Einstein 2 1 -1
Hamacher v € (0, 00) 1 -1
Drastic o0 O<a|a<0
Min-max 0 6%) —00
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OET?) (x) = making.

)= - 7
e (3 (I (1 (52) ) 1))

8) introduced new forms of the Einstein operators

O(G?%,Q(X) = : o 1o
()

9) shown that the addition of several velocities in the

framework of special relativity is:
C

V=
U2 (T (12

)=y

This new parametric operator family is very useful in

applications. The two parameters offer more freedom in the
sense that by adopting two, instead of just one parameter, th

oprator can be fit better to the current problem in invesiogat

(1]
(2]
(3]

(4]
(5]
(6]
(7]
8]

(9]
[10]

[11]
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