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Abstract

The extension principle defines the arithmetic operations on fuzzy
numbers. In the extension principle one can use any t-norm for mod-
eling the conjunction operator. It is therefore important to know, which
t-norms are consistent with a particular type of fuzzy number. We call
a t-norm consistent, if the arithmetic operation is closed. In this paper
we investigate the addition of sigmoid and two bell-shaped membership
functions. We prove that the addition is closed if the Dombi operator is
used.
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1 Introduction

Many real world applications have to work with imprecise data. Results of
measurements, vague statements, flexible constraints can all be a source of in-
accurate information. Fuzzy quantities provide a mathematical model for such
imprecise quantities and perceptions. The idea that fuzzy quantities could be
arithmetically combined according to the laws of fuzzy set theory is due to
Zadeh [25]. Soon after, several researchers worked independently along these
lines, such as Jain [16], Mizumoto and Tanaka [21], [22], Nahmias [23], Nguyen
[24], Dubois and Prade [4]. An overview of fuzzy arithmetics can be found in
Dubois and Prade [6], [8], [1]. Several theoretical details and applications can
be found e.g., in monographs of Kaufmann and Gupta [17], [18], and Mares [19].
Two special issues of Fuzzy Sets and Systems [7], [12] were also devoted to the
topic. The computational approach to linguistic quantifiers is investigated by
Zadeh [26], [27].



Arithmetic operations on fuzzy numbers are defined by Zadeh’s extension
principle [5]. The sum of fuzzy membership functions uq(z1), pa(x2), ...,
pn () can be computed using the extension principle as follows

Wz = s mingu (o) pe(@) o)t ()
Ti1t+zet-+Tn=2
It is possible to replace the min function in (1) with an arbitrary t-norm.
This is called the sup-T sum,

pz) = sup T(pr (1), pa(w2), - - pin () (2)
T1t+zot - FTn=2
where T'(x1,xa,...,x,) is an arbitrary t-norm.

Equation (2) enables computing a wide variety of fuzzy number sums. Some
t-norms are consistent with a specific class of membership functions while others
do not. We call a t-norm consistent for addition, if the sup-T sum is a closed
arithmetic operation. It is therefore important to know for a particular type of
fuzzy numbers, which t-norms satisfy this requirement. Fullér has studied the
sup-T sum with triangular fuzzy numbers [9],[10] and in a more general context
[11]. These results were developed further and extended by Hong [13],[14],[15]
and Mesiar [20].

In this paper we use sigmoid-shaped functions, which appear frequently in
natural processes and the Dombi operator. In Section 3 we investigate the sig-
moid membership function, which provide a method to construct asymmetrical
shaped fuzzy numbers. In Section 4 two bell-shaped membership functions are
examined. Bell-shaped functions can be used to model symmetrical shaped
fuzzy numbers. With these choices we prove that the addition operation is
closed even in the case of infinite summation.

2 Basic definitions

The Dombi operator [2] is

c(xy, T2,y .. xy) = . (3)
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For the special case a =1 it is
oz, T2, ..., Tn) = ——n T (4)

1 + Z?:l T;

In the rest of this paper we refer to this special case as the Dombi operator.
The non-associative averaging Dombi operator is




1
E(zlax27"'7xn) = n 1 : (5)
13 (s, )

By substituting t-norms into the sup-T sum we get specific sums, e.g. product-
sum, Hamacher-sum [9],[10]. Following this scheme we substitute the Dombi
operator into (2) to get the Dombi-sum of fuzzy numbers,

1
n(z) = sup e P (6)
z1twottrn=2 1 4 Zi:l lﬂf&(f)l)

The definition of the averaging Dombi-sum is given similarly,

1
M(Z) = sup T—pi(x) ) (7>
ovbaatte s 1+ 1 (S0, Lol

3 The Dombi-sum of sigmoid functions

In the following two sections the Dombi-sum of sigmoid fuzzy numbers will be
calculated. In our research we are working with pliant systems. A multiplicative
pliant system is defined by the equation f.(z)- fq(x) = 1, where f. and f; are the
generator functions of the conjunction and disjunction operator. The sigmoid
function is used as a membership function in multiplicative pliant systems [3],
therefore some basic pliant definitions and notation are also introduced here.

Definition 3.1. The sigmoid function is

1

= [T — e

. . A
where a is the mean value, i.e. ol )(a) =1

Note: {a <) x} is the pliant notation of the sigmoid function.
The following properties can be seen from Fig. 1

a<z then {a<)z}>

a=1z then {a<,a}=

a>z then {a<)z}<-.

N = DN =N =

In arithmetics ¢ < z and = < b inequalities can be used to characterize
imprecise quantities. Pliant numbers can also be used to represent imprecise
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Figure 1: Sigmoid function with A = 0.7 and a = 4 parameters.

quantities. Pliant numbers are created by softening the a < xr and < b inequal-
ities, i.e. replacing the crisp characteristic function with two fuzzy membership
functions and applying a fuzzy conjunction operator. The softened inequalities
are referred as pliant inequalities. Sigmoid functions can be used as pliant in-
equalities. In this case we represent the imprecise quantity with a sigmoid pliant
number,

px) = c({a<xa}{b>\z})

where ¢(x1,z2) is the Dombi operator. The pliant inequalities {a <) x} and
{b > z} are referred as the left side and as the right of the pliant number,
respectively.

Arithmetic operations on pliant numbers are executed separately on the left
sides and on the right sides of the operands. Combining the left and right side
results with the conjunction operator provides the outcome of the operation.
Thus if we apply an arithmetic operation to sigmoid functions we need to make
sure that the operation is meaningful, i.e. the sigmoid functions represent the
same sides. The following criterion formulates this requirement.

Criterion 3.2. If a(a’\ll), o'(a)f), ceey a(a’\rfl) are inputs to an n-ary fuzzy arithmetic
operation then

sgn(A1) = sgn(X2) = ... = sgn(\n)

must always hold.

3.1 Sigmoids with constant lambda value

Let us calculate the sum of 0(,1);)70(,1);),. .. 7o(a>;) sigmoid functions, all having the

same A value. The averaging Dombi operator is used so that we have



) = s (oW @), 0D (@)oY @)
r1t+xot+-tT,=2
1
= sup

T1+xo+F T =2 1+ % (Z?:l e_)\(xi_aj,)) :

(8)

Theorem 3.3. The solution of the optimization problem defined in (8) is a
sigmoid function

(An) _ 1 _
o0 = ey = (e <a 1) 9)

with parameters

A n
n = An = § -
AN " and 2 a

Proof. This constrained optimization problem is solved using the Lagrange mul-
tipliers method. The Lagrange function is

1 n
O(z1,22,...,2n,K) = I+ L, e ) + kK (z—;:m) .

=

We take the partial derivative of ® with respect to every variable and set the
derivatives equal to zero. For every x; we get

o® e~ A@i—ai)

1
Or (L4 (T e )’

— k=0, (i=1,...,n)

and for k we have

0P
Ok

Let

Substituting #; into the system we get

A=)

1
L -
(e )

K =




It can be easily seen that (&1,&2,...,&,,k) is a solution of the equation
system thus the optimal value of the problem. Substituting the &; values into
(8) we get

@ 1 1
zZ) = = .
! 1+ 1 (Z” A(%)) 1+4e n(z=4n)

i=1¢
O

The sum is also a sigmoid function, thus the averaging Dombi-operator is
closed under sigmoid addition. The following lemma states an interesting prop-
erty between the Dombi-sum and the sup-min sum of sigmoid functions.

Lemma 3.4. The averaging Dombi-sum of a(({\l),o(a’;),. .. ,a(a)‘"? functions is equal

with the sup-min sum of the same functions.

Proof. Dombi showed [3] that the sup-min sum of a(({\ll),o(a);?) ye e ,a(at") functions

is a sigmoid function given as

O 1
An - 1+ e—An(w—An)
= sup min{asl”\ll)(xl), U(G);Z)(xg), .. ,O‘(G)::”)(.%‘n)},
T1+x2++ T =2
where
L _ z": ! and A z": a
A i=1 Ai t i=1 Z
Now by setting the \; values equal to A we get the desired result. O

3.2 Sigmoids with increasing lambda values

The question naturally arises, what happens if the sigmoids have different
lambda values. We examine this case by adding an infinite number of sigmoids.
As we see this gives us a good condition for choosing the lambda values. First,
let a, be a convergent point sequence. As we approach the limit value of the
sequence the points are situated denser and denser as it is illustrated in Fig. 2.

Figure 2: Points of the a,, sequence.

If we were to create triangular fuzzy numbers where each point in the sequence
corresponds to the core of one fuzzy number and let the different sides intersect
halfway we end up with triangular numbers shown in Fig. 3.



Figure 3: Triangular numbers over the a,, sequence.

As it can be seen the tangent of the lines are increasing as we get closer and
closer to the limit value. This is simply because we have chosen the tangent of
each line to be equal with d% = aﬁ}zi_l’ the reciprocal of the distance between
two neighbouring points in the sequence. In a sigmoid function the lambda
corresponds to the tangent value. Therefore choosing the lambda values simi-
larly we can create an adequate sequence for infinite number of functions. Now
let the lambda values be the values of an increasing geometric sequence. The

following limit theorem justifies this.

Theorem 3.5. Let a(azo),ag/\f),...be an infinite series of sigmoid functions
where \; = \k* with k > 1 and X\ # 0. If the series > o, a; = A is convergent,
then the Dombi-sum of these functions is a sigmoid function given as

JECS I 1
B 1 + e*A(sz)

where

k k
1 —Ink+ kln =
*ZL and B=A— *L k—1
A ANE-1) Ak —=1)
Before proving Theorem 3.5 the Dombi-sum for finite number of sigmoid
functions is examined.

Lemma 3.6. Let a%‘)),ag‘f),. . ,a(a:”) sigmoid functions with A\; = k%, k > 1

and A # 0. The Dombi-sum of these functions is a sigmoid function given as

(10)

S _ L
B, 1+ eAn(—Bn)
where
1 "1 (n—Gn))Ink+In (X" k7%
=== By =A, - i= 11
r y and n n x (11)
=0

using

A, = Zai and G, = Z:Zn;ll (12)

i=0 Zi=0 kt



Proof. The Dombi operator (4) is used, the addition function takes the following
form

p(z) = sup c <U(a);)")(nco)7 O'(a);l)(l'l), . ,U(a)‘”)(scn))
rotx1+ - FrTn=2 "
1
= su _ )
mo+zl+~-P+zn:z 14> e M (@imai)

The Lagrange-multipliers method is used to solve this constrained optimiza-
tion problem. The Lagrange function is

1 n
D(x0, 150y Ty k) = s e_)\ki(xi_ai)—&—n(z—in).
i=0

=0

We take the partial derivative of ® with respect to every variable and set the
derivatives equal to zero. For every x; we get

o )\kl 7/\191'(:701-7111-)
- € _ s—k=0, (i=0,...,n) (13)
O; (1+ 20 e A (@iman)

and for k we have

0d

En
The values of z,,(0 < r < n) are determined as the function of z,, using equation
system (13),

= z—(ro+x1+-+x,)=0. (14)

/\kTe—)\kT(%«—ar) )\kne—)\k"(wn—an)
_ — — K,
(St " T e wea)?
Ty = _n)\;rr Ink+ k""" (zn, — an) + a,. (15)
We express x,, from (14)
n—1
Ty = 2 — Z Ty,
r=0
then substitute (15) for all .,
oy
Tn = 2z— ; (—Wlnk + k" (xy — an) + aT) ,
lnkn—l n—r n—1 n—1 n—1
Ty = Z+TT:07—xn;kn_r+@n;0kn_r_§)ar.



Simplifying the exponent of the sum behind z, and a,, renaming the index
variables, then taking z, to the left side gives

n — n—1
- nk <
Tntan YK = TZ Z’fz > ai
i=1 i=0 i=0
z+ % Z? 0 nji +an Zi:l k' — 2?2—01 a;

Ty = : ,

L4300k

and by reindexing the denominator we have

d BN B an L K - Y a
Yok |

Finally, a, is subtracted from both sides and the a; values are summed on the
right hand side,

I =

n n—1n— 1 n—1
T —a _ Z+%ZZO +an211 _Zizoa’iia
Yok 7
Z+lnk 7lln11_ ﬂ, a;
Tp— Qp = 2i I 2o . (16)
iz k

Let us use the definition of A, = >""" ;a; and substitute (16) into (15) to get
the values of z, (0 <r <n),

Z—An-‘rh;\k n n—i

Zn kiz:O ki >+a7., (17)
=0

n—r _r
Ty = —Wh’lk—Fk‘n <

Equation (17) gives the optimal solution to the constrained optimization
problem. Equation (18) shows the membership function into which we need to
substitute (17),

(2) = !
H L+ >0 e Mr@r—an)’

(18)

Let us do this step by step starting with the exponent and simplifying where it
is possible.



n

lnk n—1n—
—An + i=0 &

Ty —Qp = —_rlnk—i—kn_r<

Ak z., i

A lnk ”_1—1 n—
K" (z, — ay) (n—7r)Ink — \k" hi =0
Zi:o kt
A"
A" (zy—a,) = (n—r)lnk - —=—— (2 — 4,)
( T
Ink <= .n—i
Yiok i=0 k
)\kn
M (xp —ar) = (n—r)lnk - —=—— (2 — An)
N
— 721 1 7k Ink.
Ez Ok
—_——
G(n)

Now, let us substitute the \; values into A,

O H TS o
e R e SRR b WD DY
k" Akm
Substituting A,, into (19) we have
“M"(xp —ar) = —A(z—A4,)+(n—G(n)—r)nk.

Substituting (21) into (18) we get the addition function as

1
wz) = 14 e MG A +(m=Gm) Ik 3 “o—rlnk

1
1+ e~ An(z=A)+(n—G(n)) Ink Z?:o k—
1
14 e An(z=An)+(n— G(n)) Ink+In(r_ k=)
1

Proof. (Theorem 3.5)
We are looking for the following function

10

y

)

(19)

(20)

(21)



(An) 1

nhf;o 9 B, 11 o limnoe Ay (z—limy oo Bo) (22)
where A,, and B,, are from (10). Let us start with
—G(n)Ink +1 AP
lim B, — lim A, — fim " G0k (0 k) (23)
n—oo n—oo n—oo A"L
because lim,_ ., A, = A we get
lim,,_, -G Ink+1 P e
lim B, — 4 Mn—oe (0= G Ik + 10 (355 k7). (24)
n—oo lim,, oo Apy

Since k > 1 the geometric series Y ;o k™" is convergent and the limit of the

series is % By using the definition of A,, we get
I 1, ., 1k 1
lim — = = = = 2
oo A, )\;k AN k-1 A (25)
Therefore
k (limnﬁOO (n—G(n))Ink +In ﬁ)
i Bp = A= RS ' (26)

Let us now calculate the value of the function n — G(n) where G(n) is given
by (12) as

n 1.9
k"
G(n) = Zln—ill
2izok
We start by calculating the nominator of G(n), noticing that it can be written
as a sum of power function derivatives.

n n n n /
STikt o= kY ik T =k (k) =k (Zk)
=1 i=1 ]

i=1

41N/
i k—k

1—-k

_ n _ 41N/
k; 1-(n+1k +k k

1— k& (1— k)2

nkn+2 _ nk.n+1 _ kn+1 + k
(1—k)?

11



For the denominator of G(n) we get

iki_l_kn+l _k"+2—kn+1—k’+1
1-k '

=0 (1 - k)2

Now we get the value of n — G(n) as

nkn—i—Z _ nkn-{-l _ k7z+1 +k
knt? — el k41

EMtl —nk+n—k

kn+2 _kn+1 _k+1

n—GMn) = n-—

Now if £ > 1, then

li (n — G(n)) = =

n—oo E—1’

which can be easily checked by dividing both the nominator and the denominator
with £7t1. This limit is substituted into (26),

k(ﬁlnk—i—ln%)

lim B, = A-—
nebo Ak —1)
2o Ink + kln £
_ A* k—1 k—1 - B. )
M= 1) 27)

Finally, we substitute the right sides of (25) and (27) to (22)

(M) 1 VN
B S T oA B

O

The membership function in Theorem 3.5 can be greatly simplified by choos-
ing a good k constant. Corollary 3.7 sets k = 2.

Corollary 3.7. Let U(a)(‘)o),a(tﬁl),...be an infinite series of sigmoid functions
where \; = \2" and X\ # 0. If the series Y .o a; = A is convergent, then the
Dombi-sum of these functions is a sigmoid function given as

OV 1
B 1 + e_A(Z_B)
where
1 2 4In2
— == d B=A- .
A )

12



4 The Dombi-sum of two classes of bell-shaped
numbers

In the following sections the Dombi-sum of two classes of bell-shaped numbers
are calculated. The membership function introduced by Zadeh and a member-
ship function based on the powers of two are examined.

Bell-shaped functions are symmetrical sigmoid functions around a center
value ¢ and has a width parameter d. The width defines an interval (¢ —d, c+d),
in which the value of the function is greater than a threshold value. Fuzzy
numbers with bell-shaped membership functions can be used to model = ~ ¢
arithmetic approximations. This case a fuzzy number is completely defined by
one bell-shaped membership function.

Definition 4.1. The membership function introduced by Zadeh is

1
d

where ¢ is the center and d is the width of the function.

1/2 -

Figure 4: o, 4(z) function with ¢ = 4 and d = 2 parameters.

The following properties can be seen from Fig. 4

qu(c) = 1,

1
(TC’d(C*d) = Ucyd(c+d):§,

where % is the threshold value of the function.

In the next section we calculate the averaging Dombi-sum of fuzzy numbers
represented with o, q(x) functions all having the same width parameter.

13



4.1 Fuzzy numbers with a constant width

The averaging Dombi-sum of o, 4(), 0cy.a(), ..., 0, ¢(z) functions can be
given as

n(z) = sup ¢ (0c1,d(71),0cy,a(72), - -, 0c, ,a(Tn))
T1t+zot -+ Tn=2
1
= sup

st 1+ 4 (L (272))

Theorem 4.2. The solution of the optimization problem defined in (28) is

(28)

1
gc,,D, = P} (29)
1+ (’C;,f)
with parameters
D, =nd and C,= Z ¢ (30)

=1

Proof. The calculation is analogous to the one presented in Section 3.1. The con-
strained optimization problem is solved using the Lagrange multipliers method.
The corresponding Lagrange function is

1 n
O(z1,22,...,Tp,K) = —|—H<Z— xl>
14 (2 (259)") 2

We take the partial derivative of ® with respect to every variable and set the
derivatives equal to zero. For every x; we get

a@ 2(mifci)
= TLd2 — KR = 07

ox; (1 +1i <E?:1 (%)2»2

and for k we have

oD
ok

Let




Substituting Z; into the system we get

2(z—C,,)
Fo=
z2—=Cn
1 +( nd )
It can be easily seen that (&1,&2,...,&,,k) is a solution of the equation

system thus the optimal value for our conditioned problem. Substituting the Z;
values into (28) we get

4.2 Fuzzy numbers with decreasing width

Now let us calculate the sum of an infinite number of fuzzy numbers. In Section
3.2 we reasoned that the tangent of the fuzzy numbers should be increasing.
Here, this can be achieved if the width of the numbers are decreasing. More
specifically, we use a decreasing geometric sequence.

Theorem 4.3. Let 0¢, dy;0¢,.dy5- - - be an infinite series of fuzzy numbers with
di =dq', ¢ <1 and d > 0. If the series Y - c; = C is convergent, then the
Dombi-sum of these functions is

1 d
ocp(z) = ——— where D=

1+ (59)° 1—¢2

Before proving Theorem 4.3 the Dombi-sum for finite number of fuzzy num-
bers is calculated.

Lemma 4.4. Let 0¢,,dy;0c,,dys- - - :0cn,d,, Membership functions with d; = dq’,
q<1andd > 0. The Dombi-sum of these functions is

where

15



Proof. The Dombi operator (4) is used, the addition function takes the following
form

:U(Z) = Sup C(UCO7dO(xO)’O-Cl7d1(m1)’ s 7O-cn7dn(mn))
rotx1+ - F+Tn=2
1
= sup

2
Tot+T1+ - +T=2 1+ Zn (26-;*61’)
=0 dq’

This constrained optimization problem is solved using the Lagrange multi-
pliers method. The corresponding Lagrange function is

1 n
D(x0, X1y Tpy k) = 2+n<z—2xi>.
1 +Zi:0 (Ia;;’l) =0

We take the partial derivative of ® with respect to every variable and set the
derivatives equal to zero. For every x; we get

2
o 3,00 \Li — G4
1o} _ d?q ( ) —/{:0, (1207777,) (31)

ox; (1 L Z;‘L:O (I‘Zj;fj )2) 2

and for k we have

oP
i z—(xo+a1 4+ +x,) =0. (32)

The value z,(0 < r < n) is determined as the function of z,, using the equation
system (31).

ﬁ(mr - cr) ﬁ(fﬂn - Cn)
— 5~k = - 5 — K,
2 2
(1"‘2]'_0( qujj) ) <1+Zj_0< quT'J> >
., = ¢ (2, —cn) o (33)
We express z,, from (32)
n—1
T, = z-— Z T,
r=0

then substitute (33) for all x,.,

16



n—1

T, = z-— Z (q2r—2n(xn _ Cn) +Cr) )
r=0

n—1

n—1 n—1
Ty = z-— an—Qn Z q2r + qu—2n Z q2r _ Z cr.
r=0 r=0 r=0
Renaming the index variables, then taking x,, to the left side gives

n—1 n—1 n—1
—2n 21 —2n 21
Tp + Tnq E " = z+caq E q —E ci,
=0 =0 =0
—2n n—1 9; n—1
" _ ZHcpg Zi:o q — Zi:o Ci
n - — . k)
—92 n—1 2
1+4qg—=n Zi:O q

and by reindexing the denominator we have

—2 n—1 9; n—1
z+cngq ”Zizo q“* — Zz’:o Ci
-2 n 24 :
a2 0"

Finally, ¢, is subtracted from both sides and the ¢; values are summed on the
right hand side,

e ==

s quizn Z?;ol q2i - Z?;()l Ci
In = Cn = Y ~ Cn;
ie
z— ZT'L:() &
T = mS o (34)

Let us use C,, = Y., ¢; and substitute (34) into (33) to get the value of all z,
(0 <r<m),

oo z—C,
T, = ¢ " (q_gn S, q2i> +

2r - Cn )
"N =—— | t o (35)
(Z?_o q* "
Equation (35) gives the optimal solution to the constrained optimization

problem. Equation (36) shows the membership function into which we need to
substitute (35),

Ty

(36)



Let us do this step by step and simplifying where it is possible.

o [ 2 —Ch )
Typ—C = ( < ,
r r Z:,:O q27,

T, — Cf , < z—C, )
= ¢ | 5= =3 |
dq” dzizo q21
n 2 n 2
Ty — Cp o [ 2—Cy )
= q —~n 5 | >
Tzz:o ( dq" ) TEZ:O (dzi_o q*

n 2
Z(mr‘”)g = (ZC" ) (37)
o\ A dy/ i 4%
Sudstituting (37) into (36) and using the definition of D,,, we get the addition
function as

pz) = ———- (38)

O

Proof. (Theorem 4.3) Since ¢ < 1, the geometric series Y ., ¢** is convergent
and the limit of the series is ﬁ. Thus

. 1
i — 27 —
Jim Do =dy\| Dt =d- e
Then by using (38) we have
. . 1
lim p(z) = lim ———
n—oo n— o0 14+ (ZBS")

O

Choosing a good ¢ constant is easy, e.g. let ¢ = % so that we get the

membership function in Corollary 4.5.

18



Corollary 4.5. Let 0¢, ,dy;0cy,dy5- - - be an infinite series of Zadeh fuzzy numbers
with d; = d27, and d > 0. If the series Y ;o,c; = C is convergent, then the
Dombi-sum of these functions is a Zadeh fuzzy number given as

1 2d
O'C,D(Z) = m where D:ﬁ
D

4.3 Bell-shaped function based on the powers of two
We can define a bell-shaped function using only the powers of two as follows.

Definition 4.6. Let

Bea(w) =27 (%),

where c is the center and d is the width of the function.

1/2 -

Figure 5: B, 4(z) function with ¢ = 4 and d = 2 parameters.

The following properties can be seen from Fig. 5
Bc,d(c) = 1,
1
Bedlc—d) = Bealc+d) = 2

where % is the threshold value of the function.

The advantage of this function is that we only have to calculate the powers
of a single number. This can be important for implementing fuzzy arithmetic
systems on computers. Now, we show that the addition of fuzzy numbers rep-
resented with B, 4 functions is a closed operation.

Theorem 4.7. The sum of fuzzy numbers B, a,, Bey.dys-- -5 Be,.d,, 5
w—Cp\2
Bc, p, =2~ (5:") (39)

19



with parameters

D, =nd and C, = Zci.
i=1

Proof. The calculation is analogous to the one presented in Section 4.1. We
omit the details here. 0

5 Conclusions

In this paper we have presented the Dombi-sum of sigmoid and two bell-shaped
functions. It was shown that the addition of fuzzy numbers based on these func-
tions and the Dombi operator is a closed operation. We have also investigated
the case when the number of functions are infinite and set a condition on their
tangent values. The condition guarantees that the shape of the membership
function is preserved also in the case of infinite summation. The results show
that the Dombi operator is consistent with sigmoid-shaped functions and the
Dombi-sum can be used for addition of fuzzy numbers represented with sigmoid
or bell-shaped functions.
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