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Abstract— Our starting point is the multiplicative utility func-  in Klement et al. [6]. Despite the wide range of operatorsonl
gon_ which ii_ eXt?t“SiVeW l'JSt'eO'lt in thi theory dOf m_lil|tiCI’itel’ia| a few are used. The main classes of the operators are:
ecision making. Its associativity is shown and as its general- - e .
ization a fuzzy ?)perator class is )i/ntroduced with fine andguseful 1) mln-max, which is W'_dely, used in f“ZZY theory, .
properties. As special cases it reduces to well-known operatorg o ) drastic operators, which is closest to binary logic,
fuzzy theory: min/max, product, Einstein, Hamacher, Dombi and 3) the strict monotone operators, which play an impor-
drastic. As a consequence, we generalize the addition of velocities tant role in engineering applications. The main strict

in Einstein’s special relativity theory to multiple moving objects. monotone operators are the product, Hamacher, Frank
Also, a new form of the Hamacher operator is given, which makes Einstein, Dombi operators

multi-argument calculations easier. We examined the De Morgan .

identity which connects the conjunctive and disjunctive operatrs 4) the nilpotent operators.

by a negation. It is shown that in some special cases (min/max, The last one has great importance, because it is very close to

drastic and Dombi) the operator class forms a De Morgan triple  the two valued logic. It is associative, the law of contréidic

with any involutive negation. and the law of excluded middle hold, the residual implicatio

Index Terms—fuzzy operators, hedges, membership function can be derived using the connectives, etc. The drawbacksof th
operator class is that its derivative is not continuous,ciwhs
|. INTRODUCTION important from the practical point of view.

I N the last decades many operators were introduced. Tgem this article we concentrate on the first three classes of

most important ones can be found in many handbooks q[?erators. Our main objective is to give a generalized dpera
P Y class which contains most well-known operators. We define

mpnographs dealing W'.th fqzzy logic. These operato'rs f”lrae:two—parameter class operator family, which generalize th
min-max, Hamacher, Einstein, product, Frank, tukasiewic

) , X . : ombi operator, preserving its main properties. This ojpera
Dombi, Azcl-Alsina, drastic. The Hamacher operator include per P 9 prop

. ) . ass contains the Hamacher and Einstein operators, and as a
the Einstein and the product operators as special cases. : . .
Dombi oberator is a special one because the sian of l@l we can get the min-max and drastic operators, too.

' op > pect u € sig Sas a corollary of the multivariate Einstein operator we get
parameter determines the type of the operator i.e. whethe[ i

; . . - : . o he closed form of the additivity law of velocities in the
is conjunctive or disjunctive. From the practical point aéw framework of special relativity theory. We give a new form
there is a great interest in such parametrial families. & lace

¢ . } of the Hamacher operator family, with which its multivagat
WO main reasons: case can be handled more easily. The De Morgan law is also

« Inapplications, by changing a single parameter a differegf,gied and we give a necessary and sufficient condition for
logic can be modeled. it.

« A learning algorithm can find the right type of the
operators. Il. THE MULTIPLICATIVE UTILITY FUNCTION

In his first paper on fuzzy sets Zadeh [1] suggested toIn their seminal treatment of multiattribute utility (MAU)
use the minimum and the product operator. Hamacher [@jeory, Keeney and Raiffa [7] show how certain conditions of
discovered that operators can be generated using theavluthdependence among attributes yield the so called muwiipli
of the associativity functional equations. Based on thalted tive multiattribute utility function

Kuwagaki [3], Hamacher got the rational form of conjunctive n

and disjunctive operators. By that time researchers wgrkin up(x) = 1 <H (1 + kksug(z;)) — 1) (1)
on fuzzy theory discovered that they can use a more general i

framework, i.e. triangular norms. The history of triangulaynich can also be expanded as

norms started with the paper “Statistical Metric Spaces” by n

Menger [4]. The terms t-norm and t-conorm were introduced upr(x) = Z kiwi(z;) + kz ik () (2;)+

by Schweizer and Sklar [5]. This theory has rather independe Pl oy

roots, namely the theory of functional equations and therthe (2

2
of groups and semigroups. Several generalizations appé@are ST CATHCATICHE S
this field. A good summarization of the results can be found + E" ko kpug (21) - un (22)



where from the normalization af,;(x) we get
n

L4k =[]0+ kk),
i=1

i.e. k is determined only by the weights.

®)

A. The Associativity of the Multiplicative Utility Functio

First we show that the multiplicative utility function is
associative.

Theorem 1: The multiplicative utility function is associa-
tive.

Proof. From the Theorem of Aczel [8] we know that the

solution of the associativity functional equation has toarf

Fx) = £ (3 fla). (@)

IIl. THE GENERALIZED DOMBI OPERATOR

Definition 3: The generator functions of the Generalized
Dombi operator are

We show that the multiplicative utility function can also beanOI

written in this form, where

f(@) =In(1 + kx), (5)
and 1
[ @) = 2" - 1), (6)
with the substitution; := w;u;(2;). [ |
Lemma 2: As a special case i = 0 then
u(z) = Z wiu; () 7)
Proof. Because
1 n
E (H (1 + kkzul(xl)) — 1)
=1
n (8)
= Z kiui(zi) + k Z kikjui(wi)uj(25) + ...
i=1 i<j
substitutingk = 0 we get the result. [

B. Logical operators and the Multiplicative Utility Funoti
Let

f(z) =In(1+kg(z)) )
then
fHz)=g7" (llﬂe”” — 1> ) (10)

The associative operator generated fbis

(1
0(3317 e 7],‘,”) =g 1 (— (H (1 + kg(l‘t)) — 1)) . (11)
Similarly to the Lemma above it is valid

k
o(z1,..., o) k=0 = g (Z g(xz)> ) (12)

It is easy to get logical operators from the above mention(ﬁq

generalization, i.e. leg be the generator function of a logical
operator and substitute it into

f(@) = In(1 + kg(a)). (13)

This way we get a logical operator by choosihg= 0, and
g(z) is the generator function of the operator. Next,dét) =
(1*7””)0‘ i.e. the generator function of the Dombi operator.

fe(x) =1n <1 + e <ﬁ>a) a>0 (14)
fa(z) =1n <1+’yd<1_x>a> a<0 (15)
where~y,, v4 € [0, 00]. From
e(x) = ;! (Z fc<a:,»>>
=1
d(x) = f;! (Z fdm))
=1
1 1
fo (@) = Ta a>0 (16)
1+ (L (em - 1)
fil(@) = ! o <0 @)
1+ (% (6% — 1))
the operators are
Cg’%,% X) =T n Dl% = a>0 (18)
() _ !
) (x) = T a<0 (19
where
1( 11—\ te
D, (x) = > H<1+7< : ) )-1 (20)
i=1 v

and~.,vq € [0, ).

It is easy to check th <a,>m (x) and dg%m (x) are strict
conjunctive and disjunctive operators. Equations (18) @3
differ only in the sign ofa and so the Generalized Dombi
operator class is:

O(C?%ﬁ(x) = . o 1o
(3 (I (10 (552) ) 1)
(21)
IV. THE DOMBI OPERATOR CASE
The Dombi operator has the form (see [9])
1
0y (x) = (22)

n
i=1

ay 1/
(S (22))
if « > 0 then the operator is conjunctive anddf < 0
en the operator is disjunctive. The next Theorem follows
from Lemma 2, by the substitutioh = ~.
Theorem 4: The Dombi operator is a special case of the

Generalized Dombi operator, i.e.4f= 0,
(o) (a)

and

e o(x) = ) (%) (23)
d) o(x) = d (x). (24)



V. THE HAMACHER OPERATOR CASE which is the same as the inverse generator function of the

Hamacher [2] was one of the first who discussed how negven(.arallzed Dombi operator in the= —1 ca/Lse.
logical operators can be generated using the solutionseof th It 1S €asy to see that < v and —1 < " are the same
associativity functional equation. As we have seen, with tieduirements as. € (0,00) and~, € (0, o). =
help of the generator function of the operator, infinitelynma ~ Corellary 6: Using the new type of generator functions we
operators can be constructed. To restrict the solutionesp&@n Write the Hamacher operators in a new form
Hamacher added a new requirement, namely he looked for 1

operators which can be written in rational form (a quotient cr (%) = 141 (Hn (1 o 1711-) -~ 1) (34)
of two polinoms). Kuwagaki [3] showed that in this case the Ve =1 © om
generator function can only have the following two forms: 4
1, _ar+b 1,4 ae"+b 1
Fo@) = cx+d or f(=) = ce® +d (25) du(x) = — (39)

1+ (% (H?}zl (1 +lef—;i) -1
Comparing the new form of the Hamacher operators (34)
and (35) with the originally proposed ones, the new forms

Hamacher showed that to have conjunctive or disjunctive
operators equations (25) have the following solutions

ew

L) & ook more adequate for several variables. We note that the
() (26) look d te fi I iables. Wi te that th
‘ Y+ (1 —7)e” multi-variable form of this operator did not appear befame i
-1 e —1 the literature.
= 27
Ja (@) v+ e 27) Using the Generalized Dombi operator then
The Hamacher operators are (@) 1
Ty oy (%) = a 1o
cr(zy) = 28 1+(l( " (1+ (1——7") ))—1)
#(@3) T+ A=)z +y—zy) (29) 7 e T (36)
/
i (2,y) = zty— (1 -9y (29) wherea € {-1,1} is a common form for the Hamacher
L+5'zy operators. So
where0 <y and—1 < +/. (1) .
Theorem 5: The Hamacher operator class is a special case 9GD e (x) = cn5(x) (37)
of the Generalized Dombi operatordf= +1 and~y € (0, o). o(GfDl’)W (x) = da (%) (38)
Corb oy, (X) = 114 (%) (30) wherey,vq € [0,00), v € [0,00) andy’ € [-1,00).
(=1) _ ) 1
dGDWd(X) dr (). (31) VI. THE PRODUCT OPERATOR CASE
Proof. The inverse generator function of the Hamacher oper-1pq product operator is one of the most widely used in
ator in the conjunctive case can be transformed applications of fuzzy sets. Zadeh in his first paper also sug-
1 e’ 1 gested its use. It is also called probabilistic operatorabee
fo (@) = 74 (1 =7)e® = ye=? 4+ (1 —7) - the probabilities of independent events is the product ef th
1 event probabilities. It has the following form:
S ltq(er 1) n
cp(x) = T; 39
f-1(x) generate the same operatorfast (Az) where A # 0 P(x) g 39)
is constant. Let us choosé = —1 andvy = 1/,, so n
dp(x) =1-J[(1— ). (40)
1 P
foH (@) (32) 41

1+ L(em—1) _ _
e Because the product operator is a special case of the
which is the same as the inverse generator function of Genglamacher operator the following Theorem holds.
alized Dombi operator in the: = 1 case. Theorem 7: The product operator is a special case of the
The inverse generator function of the disjunctive Hamach@eneralized Dombi operator, i.e.4f= 1 anda = +1,
operator can be transformed similarly

1
et — 1 er — 1 c<G)D,1(X) = CP(X) (41)
71 _ _ _ _
fd (3;‘) - y 4 e* T ez —1 +9 41 - d(GDl?l(X) = dp(x). (42)
1
T F (Y +1) (e — 1)—1‘ VIl. THE EINSTEIN OPERATOR CASE

Einstein in his famous work on special relativity theory

L h "+1=1 . . .
et us choosey” + /Va, SO examined how two velocities have to be added. His result was

1
fol(x) = — (33) po Mitve 43
1+ L (en — 1) R (43)



where v; and vy are the summands andis the speed of Theorem 10: The drastic operator class is a special case
light. Let us introduce the relative velocitiesd¢@msz = v /¢, of the Generalized Dombi operator+f= occ.
y =ve/candz = v/c, then

()
. _ Tty 0GD 00 (X) = cDr () (53)
de(z,y) =2 = 14y (44) OE;_&)DO(X) — dp () 5

It is easy to check thaig is a disjunctive operator. Because
(44) can be derived from (43) it is called Einstein operator.
The corresponding conjunctive operator can be built bygusin
the De Morgan identity with the negatiof(z) = 1 — «. The most widely used operators in fuzzy theory are the
Because the Einstein operator is a special case of tgn and the max operator. They have many advantages: they
Hamacher operator the following Theorem holds. are easy to calculate, and they can be extended into a lattice
Theorem 8: The Einstein operator is a special case of th&ructure. Although in practice the strict operators araeno
Generalized Dombi operator, i.e.4f= 2 anda = +1. intensively used. The reason is that in the min-max case the
C(Glj)g,z(X) — ¢p(x) (45) reSt_JIt is determined_only by one.variable and the cher hgve
' no influence, opposite to the strict monotonously incraasin

IX. THE MIN AND MAX OPERATOR CASE

d(c;_1;?2(x) = dp(x). (46) operators like the Generalized Dombi operator class. More-
Using this result, the n-ary Einstein operators are over, the min-max operators are not analytical, their sécon
1) 1 derivative is not continuous. We show here that as a limit we
oD 2(X) = L1 (Hn (1 N 21,_30) - 1) (47) " can get the min and max operators.
2=t @i Theorem 11: The min and max operators are the limits of
E;—[;)Q(X) — 1 — (48) the Generalized Dombi operator 4f = 0 and a — oo or
12 (T, (1+25%) 1) & — —oo.
and we can give the general additivity law of velocities ie th lim og‘[),,o(x, y) = min(z, y) (55)
framework of special relativity theory. a._m (@)
Corollary 9: Einstein’s general additivity law of velocities Jm ogp o(z,y) = max(z, y) (56)

in his special relativity theory is

c Proof. A more general theorem is valid. Lef(xz) be a

(49) generator function of(z,y) then f(®)(z) is also a generator

v = —-

142 (H?:l (1 + 2#) — 1) function of a conjunctive operator denoted by(z,y). We
) state that
Proof. Let us introducer; = v;/c, then ) )
lim ¢, (z,y) = min(z, y) (57)
ZT; o UZ‘/C . Vi (50) a—00
l—z;  l-wifc c—v (A similar generalization is valid for the disjunctive optor.)
Using (48) and the substitution, we get (49). m Letx <ythen
VIII. T HE DRASTIC OPERATOR CASE ca(z,y) = f1 ((fa(x) + fa(y))l/“> =
The drastic operators introduced by Schweizer and Sklar N 1/a (58)
in 1960 (see [10]) are used if we want to go as close as = f(x) (1 + f (y)> )
possible to the two valued logic. Because from the solution o fo(z)

the associativity equation it is known that

c(z,1) =c(l,z) =2

e(z,0) = ¢(0,2) = 0 lim (144" =1 0<A<1
d(z,1)=d(l,z) =1

d(xz,0) =d(0,z) =z

so the drastic operator in the conjunctive case takes theval

0if z,y € [0,1) and in the disjunctive case takes the value The theorem is valid for several arguments as well.
if 2,y € (0,1]. So the drastic operators are

Becaused = f*(y)/f“(x) < 1 and

SO

lim ¢, (z,y) = x = min(z, y).
a—00

_ lim co(x1, 2o, ..., 2,) = min(zy, 22, ..., Tp)-

zify=1 a0

cpr(z,y) =< yif z =1 (51) The generator function of the Dombi operator is
0 otherwise o

o (1-=x

zify=0 f(x)( T )

d r " = f = 52 . H . T

or(@,y) yihz 0 (52) so the theorem is valid. A similar proof can be given for the

1 otherwise

disjunctive case. [ |



X. NEwW FORM OF NEGATIONS Expressing\ from this:

The negation is a unary operator. Its most frequently used 1—v—1

form is A= —
12014

n(z) =1-=. Substituting) into (59) we get

Sugeno [11] in 1977 also introduced a negation:

P () = 11—z
1—2 vo\¥) = T Tovmw,
= A> -1 59 T e X
n(z) 1+ Mz (59) ’ 1—¢
The usual requirements for a negation are: = l— 2+ (1,V,l,0+l,m,) =

1) n:[0,1] — [0,1] is continuous vov
2) strictly decreasing - S S
3) n(0) =1andn(l) =0 1+ _1;50 vz
4) n(z) is involutive i.e.n(n(x)) = and it is the desired form of the negation. u

Trillas gave the general representation theorem of the-nega
tion:
Xl. THE DE MORGAN LAW IF 7y € (0, 00)

n(x) = f~1 (1 f(x)) _ -
. . . . . ) It is natural to demand the validity of the De Morgan law
where f(x) is a continuous and strictly increasing functiony, 5 consistent logical system. In this section we examiee th
f(0) = 0 and f(1) = 1. According to this infinitely many pecessary and sufficient conditions of it. We suppose tfet th

negations exist. Hamacher in his work showed that the ramor&onjunctive and the disjunctive operators have the sanfthe
form of involutive negations is (59) (it is also called Harher i, 0e operators are:

negation). In this paper we modify the form of (59) and we

give the semantic meaning of the technical parameter. Two C(C?% (x) = 1 a>0 (62)
types of characterizations will be given. e 1+ D, (x)
If the negation fulfills axioms (1)-(4) then there exists a fix 4@ _ 1 63
point v, such that GDa(X) 14+ D,,(x) @ <0 63)
n(vy) = vs. (60) where
If we fix a neutral value (usually it isy = 1/2) then there n o 1/a
exists av value such that D, (x) = <_ (H (1 i (ﬁ) ) _ 1))
T
n(v) = v (61) =1
and
and )\ can be expressed by, andv, vy. 1
Theorem 12: The Dombi form of the negation is Ny (T) = - - P (64)
1 14 27 22e (2F)
Ny, (I) = 3 )
() (59 o
Ny (T) = ! - ny, (r) = 12 1 (65)
’ l—vg 1—v —x\ 1—v, 1—z\—
L IS i (1) () (59)
Proof. Equation (60) means in case of (59) that where,,vq € (0,00) and v, vo, v, € (0,1).
- 11—, Theorem 13: The Generalized Dombi operator class (i.e.
14w equations (62), (63) and (64),(65)) is a De Morgan triple if
Expressing\ from this we get and only if
P ta_ (L=w 1=v)" (66)
2 Ye 7 v
SubstitutingX into (59) we get or
n (.13) - l1-= y 1 v 2a
Vs = v, = Nd — Uk
T EET 1 o (S 1)e () 7
_ 1 Proof. First we calculate
2
1—v, x
1+ (u—) T—= cgp (n(z1),...,n(zn)) = cep (n(z))

and it is the desired form of the negation. Similarly, ecp@ti \\/e have to calculate the:

(61) means: L (1—n(x)>°‘_<1—uol—u . )a )
=T n(z) vy v l-x




and substitute into the conjunction operator, so we get tHatoof. Using (68) we get

cep (n(z)) equals 1
. ep (n(x)) = NI
n l—vl—v =
- e (69) 1+ (Zi:l ( v Tm) )
HEAe ) )
Ve vo v z Similar way as we calculated (70)
Let us calculater (dgp(x)). The disjunctive operator has the 1
. n(dp(z)) = —
orm | 1+ (e sy (=)
dap(x) = T K vo v Zei=l\T-z
so Socp (n(x)) = n(dp(x)). [ |
Theorem 15 states that by using the Dombi operator class,
n(dap(x)) = 1 — = a wide range of negations can be used to form a De Morgan
14 Lo lov (1* 11+K) triplet.
voo v K Theorem 16: The min-max operators and the drastic oper-
_ . 11 ator are De Morgan triples with any involutive negation.
1+ —vo l-v -1 . .
vo v Proof. Let us prove the min-max case first. #f < y then
Using this result we get that (dgp(x)) equals n(z) > n(y) so

n(min(z,y)) = n(n(y)) = y = max(z, y).
)a) 1/a If y <z it can be proved similarly.
1))

1
L4 i (% <H (14—%(1;? In the drastic case ifr € (0,1] andy € (0,1] then
(7o) "(x),n(y) € [0,1) and

The coefficients of (69) and (70) must be equal before the n(cpr(n(z),n(y))) = n(0) = 1 = dp,(x,y).
product

If z =0 thenn(z) =1 so

NV 1—p1—v 1\
(o) =52=(s) 7 n(epr(1,n(y))) = n(n(®) =y = dpr (0.)
Ye Yo v Yd
]

and inside the product Corollary 17: The min-max operators form De Morgan

11—\ @ triples with the negations (64) and (65) for all,v,1y €

w—%( 0 ) . (72) (0,1).
1Z0) v

It is easy to check that the conditions (71) and (72) are XIll. CONCLUSIONS
equivalent with each other and (66). (67) can be proved inj, this paper we have
a similar way. ] o TR .

L 1) proved the associativity of the multiplicative utilityric-

Corollary 14: If the negation is tion
n(z)=1-z 2) introduced the Generalized Dombi operator:
1
i.e.v =1y = v, = 1/2 then (62) and (63) form De Morgan - o
triples with () if and only if 1+ (% (H?:l (1 T (1;_1) ) _ 1))
Y=Y = Vd- (73)  3) shown new forms of rational involutive negations:
Proof. Using (66) we get (@) = 1
o - —v 2 —z\—1
g, r () (59)
Ve 1

So by using (21p2 (%) = c&p(x) andog$(x) = cgH(x) M (T) = 14 l=wol-v (ﬂ)*l
andn(z) = 1 — x are De Morgan triples. [ vooovon T

4) proved that the new operator connectives form a De

XIl. THE DE MORGAN LAW IF v =0,y =00 AND a = o0 Morgan t”ple with a negation it

In Theorem 13 we did not examine the case~of= 0 Jd _ (ﬂ - V)

(Dombi operator),y = 1 (drastic operator) andx = o0 Ve Yo v

(min-max operator). 5) proved that the Dombi operators form a De Morgan
Theorem 15: The Dombi operators form a De Morgan triple with any rational involutive negation

triple with the negations (64) and (65) with the saméor all 6) shown that the Generalized Dombi operator has the

Vi, v, € (0,1). following limits



Value of o
Type of operator| Value ofy | conj. | disj.
Dombi 0 0<a|a<0
Product 1 1 -1
Einstein 2 1 -1
Hamacher v € (0,00) 1 -1
Drastic 00 0<a|a<0
Min-max 0 00 —00

7) introduced new forms of the Hamacher operators

1

L (5 (T (1 (52) ) - 1))1/a
8) introduced new forms of the Einstein operators
G (x 1

) = 1/«
e (I (142 (552)) 1)

9) shown that the addition of several velocities in the
framework of special relativity is:
&

ol (x) =

V=

142 (Hggl (1 4ot

-1
)-1)
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