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Abstract

In this paper we propose an approximation of piecewise linear membership functions with the help of sigmoid
functions and certain arithmetic operations. The gradient-based tuning of piecewise linear membership functions
can be achieved with the proposed efficient approximation because it has simple continuous derivatives. With this
construction we can even approximate Hagasiewicz operator family which plays an important role in fuzzy
logic, first of all from the theoretical point of view, although in practice in optimization and learning it is rarely used
because the lack of good analytical properties, e.g. a continuous gradient. The proposed approximation enlarges the
applicability of fuzzy methods to the operators and membership functions where the differentiability is desirable.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The construction and the interpretation of fuzzy membership functions have always been a crucial
question. Bilgic and Turksen gave a comprehensive overview of the most relevant interpretdtidhs in
For the construction of membership functions Dombi [10] had an axiomatic point of view, Civanlar and
Trussel [8] used statistical data, Bagis [2], Denna et al. [9], Karaboga [14] applied tabu search. However,
most fuzzy applications use piecewise linear membership functions because of their easy handling, for
example in embedded fuzzy control applications where the limited computational resources does not
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allow the use of complicated membership functions. In other areas where the model parameters are
learned by a gradient-based optimization method, they cannot be used because the lack of continuous
derivatives. For example, to fine tune a fuzzy control system by a simple gradient-based technique it is
required that the membership functions are differentiable for every input. There are numerous papers
dealing with the concept of fuzzy set approximation and membership function differentiability (see
for e.g.[3,12,16]). In this paper we give a different solution to the problem of non-differentiability of
piecewise linear functions by approximating the “cut” function of the Lukasiewicz operators, and use it to
construct continuously differentiable membership functions which approach the well-known triangular
or trapezoidal membership functions.

The paper is organized as follows: Section 2 is a brief overview of Lukasiewicz operators, in Section
3 we give the basic properties of the sigmoid function which serves as the basis for the approximation,
prove the main approximation theorem, and examine the derivatives and the convergence of the proposed
approximation and in Section 4 we apply the approximation to triangular and trapezoidal membership
functions.

2. tukasiewicz operators

The tukasiewicz operator class (see e.g. [1,7,13]) is commonly used for various purposes, see e.g.
[4,5]. In this well-known operator family the cut function (denoted[dY plays an important role. We
can get the cut function fromby taking the maximum of 0 anxland then taking the minimum of the
resultand 1.

Definition 1. Let the cut function be

0 if x<O,
[x] = min(max(0,x),1) =13 x If0 <x <1,
1 ifl<gx.
Let the generalized cut function be
0 if x<a,
lap =[x —a)/(b—a)] =] —— ifa<x<b,
—da
1 if b<x,

wherea, b € Randa < b.

In neural networks terminology this cut function is called saturating linear transfer function. All nilpo-
tent operators are constructed using the cut function. The formulas of the nilpotent conjunction, disjunc-
tion, implication and negation are the following:

clx,y) =[x +y—1],

d(x,y) =[x +y],

i(x,y) =[1-x+yl,
n(x) =1—x,

(1)

wherex, y € [0, 1]. The truth tables of the former three can be seen inEig.
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Fig. 1. The truth tables of the nilpotent conjunction, disjunction and implication.

Throughout this paper we will refer to triangular and trapezoidal membership functions as piecewise
linear membership functions. They are very common in fuzzy control because of their easy handling.
The generalized cut function can be used to describe piecewise linear membership functions. Generally, a
trapezoidal membership function can be constructed as the conjunction of two generalized cut functions
as

c([xla,p, 1= [x]e,a) = [[xla,p +1—[x]c,a — 1 @)
= [[xla,p — [x]c.al,

wherea, b, ¢, d are real numbers antd< b<c < d. As a special case, if = ¢ then we get a triangular
membership function. For an example of the general case se2.Fig.

The tukasiewicz operator family used above has good theoretical properties. These are, for example,
the law of non-contradiction (that is the conjunction of a variable and its negation is always zero) and the
law of excluded middle (that is the disjunction of a variable and its negation is always one) both hold, and
the residual and material implications coincide. These properties make these operators to be widely used
in fuzzy logic and to be the closest one to classic Boolean logic. Besides these good theoretical properties
this operator family does not have a continuous gradient. So for example gradient-based optimization
technigues are impossible with Lukasiewicz operators. The root of this problem is the shape of the cut
function itself.

Currently, we are working on new concept called pliant system in which we build up our theoretical
framework by the practical (application oriented) point of view. We are using a new notation system too.
Some elements of it appear in this work as well.

3. Approximation of the cut function

A solution to the above-mentioned problem is a continuously differentiable approximation of the cut
function, which can be seen in Fig. 3. In this section we will construct such an approximating function
by means of sigmoid functions. The reason for choosing the sigmoid function was that this function has
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Fig. 2. In the firstimage: two generalized cut functions. In the second image: a trapezoidal membership function constructed as
the conjunction of the former two, with a negation applied to the right one. The parameters were the followildgd = 1,
c=2,d =4.
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Fig. 3. The cut function and its approximation.

a very important role in many areas. It is frequently used in artificial neural netf@}ksptimization
methods, economical and biological models [15].
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Fig. 4. The sigmoid function, with parametefs= 0 andp = 4.

3.1. The sigmoid function
The sigmoid function (see Fidg) is defined as

By — 1
oy (x) = m, 3)

where the lower inded is omitted if O.
Let us examine some of its properties which will be useful later:

e Its derivative can be expressed by itself (see bjg.

(5
00 (x)
—4— = o ) (21— (x)) . 4)
e Its integral has the following form:
® _ 1 )
/ad (x)dx = 5 In (ad (x)). (5)

Because the sigmoid function is asymptotically X sands to infinity, the integral of the sigmoid function
is asymptoticallyx (see Fig6).

3.2. The intervala, b] squashing function

In order to get an approximation of the generalized cut function, let us integrate the difference of two
sigmoid functions, which are translated dandb (a < b), respectively.
1

b2 <o((f) (x) — azﬁ) (x)> dx

= L (/ aéﬁ)(x) dx — / Gl(jﬁ)(x) dx) (6)
b—a

-1 (_% in (o9 w) + % in (o <x>)) .

After simplification we get the interva, b] squashing function:
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Fig. 5. The first derivative of the sigmoid function.
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Fig. 6. The integral of the sigmoid function, one is shifted by 1.

Definition 2. Let the intervala, b] squashing function be

_ 1
® 1 oy P (x) "
sP ) = In| -
’ b—a \o; "(x)

1 | 1+ efc—a) Y
= n .
b—a 1+ efx—b)
The parametera andb affect the placement of the interval squashing function, whilggtharameter

drives the precision of the approximation. We need to provesﬁ%(x) is really an approximation of
the generalized cut function.

Theorem 3. Leta,b € R,a < bandp € R™. Then

Jim_ SO = [¥law

and ng(x) is continuous in xa, b andg.
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Proof. It is easy to see the continuity, becaLﬁéé; (x) is a simple composition of continuous functions
and because the sigmoid function has a rand@.df] the quotient is always positive.

In proving the limit we separate three cases, depending on the relation betyieandx.

Casel: (x < a < b): Sincep(x —a) < 0, so €6~ — 0 and similarly €~ — 0. Hence the
quotient converges to 1 ff — oo, and the logarithm of one is zero.

Case2: (a<x<b):

I 14+ efaa\ 7’
n m v ——
b—a p—oo \ 1+ efx=b)

1 efr—a) (g=Plx=a) 1 1) v
In{ li
p— 00

b—a (1+ ef=b)

1 | ( ex—a(e—l?(x—a)_|_1)l/ﬁ)
n

lim
b—a p— 00 (1+eﬁ(x—”))1//”

Bx—a) 4 1\U/B
_ 1 In(e"_“ im € +D )

b—a pose (14 a—b))1/p

We transform the nominator so that we can take thef @ut of the limes. In the nominator é*—<)
remained which converges to 0 as well 48" in the denominator so the quotient converges to 1 if
B — oo. So as the result, the limit of the interval squashing functiotwis- a)/(b — a), which by
definition equals to the generalized cut function in this case.

Case3. (a < b < x):

14+ fe-a\ Y
In{ lim { —————
b—a p—oo \ 1+ efx—0)

eflx—a)(g=flx—a) 4 1) B
= In| lim
b—a p—>oo \ €fr=b)(e=Flx=b) 4 1)

1 | i et~ (g~ flr—a) 4 1)1/F
ni{ lim
b—a p—oo € ~b(e=flx=b) 4 1)1/B

_1 (ex—a (e—ﬂ<x—a>+1)1/ﬁ>

=2 "e= M erem

We do the same transformations as in the previous case but we'tékizam the denominator, too. After
these transformations the remaining quotient converges to 1, so

lim S“”(x)zL n(&_
p— o0 a.b b—a ev—b

= ! In(e"’“*(x*b))
b—a
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Fig. 7. In the firstimage: the interval squashing function with an incregspagzameterd

the interval squashing function with a zero and a negdgtiparameter.

Fig. 8. The approximation of the nilpotent conjunction withalues 14, 8 and 32.
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In Fig. 7 the interval squashing function can be seen with varfopgrameters. The following propo-

sition states some properties of the interval squashing function.

Proposition 4.

Nxy=1/2,

(
a,

lim S
p—0

)

=h (x)

b

S

=1-

a,b’

a
As an another example, the nilpotent conjunction is approximated with the interval squashing function

in Fig. 8.
For further use, let us introduce an another form of the interval squashing function’s formula. Instead

of using parametera andb which were the “bounds” on theaxis, from now on we will usa andsg,



J. Dombi, Z. Gera / Fuzzy Sets and Systems 154 (2005) 275—-286 283

0.4 4

0.2 1

g

Fig. 9. The meaning ofu <; x)p.

wherea gives the center of the squashing function and whejiges its steepness. Together with the new
formula we introduce its pliant notation.

Definition 5. Let the squashing function be

v )"
(a <s X)/f = S (X) (m) )

wherea € Randé € R™.
If the ¢ ando parameters are botly2 we will use the following pliant notation for simplicity:
i
(6)p = 81312,
which is the approximation of the cut function.
The inequality relation in the pliant notation refers to the fact that the squashing function can be

interpreted as the truthness of the relation< x with decision level 12, according to a fuzziness
parametep and an approximation paramefe(see Fig9).

The derivatives of the squashing function can be expressed by itself and sigmoid functions:

) (03]

— 25( s = L) @)
B (1) — P

e =% (72500 = o 5). ®)

_aé o (02,0 +6,00) = 5P, ©)
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3.3. The error of the approximation

The squashing function approximates the cut function with an error. This error can be defined in many
ways. We have chosen the following definition.

Definition 6. Let the approximation error of the squashing function be
B B
1 a; " (—9)
65 = (0 <5 (=0))p = o5 In (i—) ,
20 \o" D=0
wheref > 0.

Because of the symmetry of the squashing functjpoa: 1 — (0 <5 o), see Fig9.

The purpose of measuring the approximation error is the following inverse problem: we want to get
the corresponding parameter for a desireg error. We state the following lemma on the relationship
betweer; andp.

Lemma 7. Let us fix the value 0é. The following holds fory:

1
g << Cc-—,
R’
wherec = In 2/26 is a constant
Proof.
1 1+ ef=0t0) 1 2
20p 1+ ef(=0-9) 26 1+e 28
N2 In(l+ e %) 1
= — <c--—. U
200 26p B

So the error of the approximation can be upper bounded b% which means that by increasing
parametep, the error decreases by the same order of magnitude.

4. Approximation of piecewise linear membership functions

In fuzzy theory triangular and trapezoidal membership functions play an important role. For example,
fuzzy control uses mainly this type of membership functions because of their easy handling. They are
piecewise linear, hence they cannot be continuously differentiated. Our motivation was to construct an
approximation which has the same properties in the limit as the approximated membership function and
has a continuous gradient. If we are using approximated piecewise linear membership functions in fuzzy
control systems then they can be tuned by a gradient-based optimization method and we can get the
optimal parameters of the membership functions.
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Fig. 10. The approximation of a trapezoid and a triangular membership function.

Piecewise linear membership functions can be constructed by generalized cut functions, so they can
be approximated by squashing functions and an appropriate conjunction operator. We have chosen the
tukasiewicz conjunction. But in the conjunction’s formula instead of using the cut function we also used
the squashing function, gbe membership function and the operator are constructed using the same
component

To describe a trapezoid membership function using the conjunction operator and two squashing func-
tions four parameters are needed, namglys; anday, d2, wherea; anda, give the positions of its
left and right sides, andy andd, give its left and right slopes. The twbparameters of the squashing
functions have to have opposite signs to form a trapezoid or triangle, and of course the equatians
anday + 61 <az — d2 must hold.

So the approximation of a trapezoid membership function is the following (se@®jig.

(B B =B
S1/2,1/2 (Sal,a‘l(x) + 84,0, — 1) (10)
with pliant notation:

({a1 <5y xX)p + (a2 <5, X)(—p) — D)p. (11)

As a special case of the trapezoid membership function we get the triangular membership function. To
describe one, only two parameters are needed, the ceraed its fuzziness (see Fig10).

Definition 8. Let the approximation of the triangular membership function be defined as (in pliant nota-
tion)

(x ~sa)yp={((a—0/2) <52 x)p
+((a +0/2) <52 x)—p — L)p,
whereaq is its center and is its fuzziness.
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By this way we can represent a fuzzy number by squashing functions.

5. Conclusion

In this paper we approximated piecewise linear membership functions, so that they can be tuned
by gradient-based optimizations in a fuzzy control system to achieve better results. We have reviewed
the cut function which is the basis of the tukasiewicz operator class. This cut function is piecewise
linear, it cannot be continuously differentiated. We have created an approximation of the cut function (the
squashing function) by sigmoid functions with good analytical properties, for example simple derivatives,
fast convergence and easy calculation, and applied this approximation to piecewise linear membership
functions.
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