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A method for determining the weights of criteria:

The centralized weights
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Abstract: In multicriteria analysis many methods use weights to represent the relative importance of
criteria. The noncompensatory aggregation procedure used in outranking methods enables comparisons of
subsets of criteria from this point of view. An interactive method is presented, which requests only ordinal
comparisons from the decision maker. The relation ‘more important than’ is assumed to be a semiorder.
Therefore, the indifference part of this relation is not necessarily transitive. The judgements can be
formulated as linear inequalities, which constrain the set of feasible weights and threshold values. All
vertices of this polyhedron are determined, the threshold and the unknown real weights are estimated by
the centroid. Some characteristics, a possible refinement in the estimation and an illustrative example are

also given.
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1. Introduction

In multicriteria analysis it is essential to de-
termine the set of cnteria, which represent the
points of view taken into account in a decision
problem. The points of view are generally in con-
flict and have different importances for the deci-
sion maker. Speaking about importances of view-
points has meaning only in comparing them to one
another. The information gathered from the deci-
sion maker concerning the relative importances,
their representation, use and effect on the final
result depend fundamentally on the aggregation
procedures used in the methods. Many of them
require the ‘proportion’ of importances repre-
sented as numbers, since they use these numbers
to modulate additive quantities as weights.

In the additive utility model, for example, when
the wutility function is normalized, the importances
of criteria appear as coefficients in a convex com-
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bination of the marginal wutility functions. In
assessing an additive utility function some meth-
ods, working on the basis of this model (see, for
example, [6,9,15]), determine the weights of criteria
as estimated parameters for the model to be as
consistent as possible with known subjective pref-
erence judgements among the alternatives. In this
case compensatoriness among the criteria is obvi-
ously assumed and the weights are in close connec-
tion with tradeoffs. ‘

Most of outranking methods (ELecTrE I, II, TII
[11,12,13], ProMETHEE [, 11, 111 {2,3]) require some
quantification of the importances of criteria as
input data, but the papers do not treat the de-
termination of weights, (We know only the TacTtic
method {17}, where the weights are obtained by
using linear programming.) The importances rep-
resented by nonnegative numbers are used to char-
acterize and compare subsets of criteria indepen-
dently of the evaluation of alternatives on the
criteria. The notion of relative importances can be
clearly defined in this case. The noncompensatory
aggregation procedure (see [1]) makes this intrinsic
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characterization appropriate (see [16]). In Section
3 we outline an algorithm, in which the weights are
estimated from ordinal judgements concerning the
importances of subsets of criteria. It can be useful
for determining the weights in applications of these
methods.

Determination of weights requires the setting of
weighting scales, i.e. obtaining information from
the decision maker to express as numbers not only
the order of criteria according to their impor-
tances, but also the intensity of this relation. Obvi-
ously, each subset of criteria must be comparable.
If the relation ‘more important than’ on the set of
all subsets of criteria is assumed to be monotone,
then the problem of setting a weighting scale means
gathering information to eliminate the incompara-
bility of the relation ‘subset of” and the real valued
representation of this relation. In an additive rep-
resentation, the weights of the single criteria
uniquely determine the weight of any subset as the
sum of weights of the criteria contained; the
monotonicity can be guaranteed by nonnegativity.
Due to the relevance of the ‘proportion’ of impor-
tances the assumption of standardized weights is
not restrictive.

From the previous works devoted to determine
weights we mention only the Churchman—Ackoff
method [4], in which the initial values derived
from direct estimation are tested systematically by
comparing ordinally subsets of criteria and in
which the current values are modified, when in-
consistency arises. Despite the imperfections of the
method (for details and for a revised technique
from the point of view of computerization see [§]),
the algorithm used in the ordinal comparisons of
subsets of criteria can be effectively utilized as an
asking algorithm in building up a connected rela-
tion on the set of all subsets of criteria, if the
relation is assumed to be monotone.

In this paper we present a method to determine
‘the feasible set of weights and threshold values for
the relation ‘more important than’, assumed to be
a semiorder. We suggest to choose a centre from
the feasible set and a mean value for the threshold
in lack of further information. The numerical rep-
resentation of judgements and conditions of appli-
cability of the methed (assuming a noncompensa-
tory aggregation procedure) are discussed in the
next section. In Section 3 we outline an algorithm
to determine all vertices of the feasible set, weights
and threshold values simultaneously. Section 4

describes the questioning procedure and some
characteristics. At the end of the paper a possible
refinement and an illustrative example are given.

2. Conditions of applicability and the model

We denote by C={(C,,...,C,_;} (nz3) the
finite set of criteria, by 2€ the set of all subsets of
C, by aPb (a, b€ 2°) if the subset « is more
important than the subset » and by afb if there is
no considerable difference between the impor-
tances of g and b.

The first assumption of the method is that in
the decision maker’s mind the importances of
criteria (implicitly) exist, and he/she is able to
express them in ordinal comparisons, ie. there
exists a W: 2°—>R,={r: r>0) function as-
sumed to be )

— additive: W{a U b)= W(aYW(bh)
foralla, b2, anb=10
— standardized: W(C)=1.

The second assumption is that P is a semiorder
on 2% ie. irreflexive, [(xPy)A (zPw) implies
(xPw) Vv (zPy)] and [(xPy) A (yPz) implies (xPw)
V (wPz)] holds for all x, v, z, w € 2, The transi-
tivity and asymmetry of P and the reflexivity and
symumetry of I (defined by xIy iff not (xPy) A not
(yPx) for all x, y €2°) follow from the assump-
tion, but [ is not necessarily transitive. The real-
valued representation of P is aPb iff W(a)>
W(b)+8 for all a, <2 for some 8= 0. If
R = P U then we have a reflexive and connected
relation with the representation aRb iff W(a)z=
Wi(b)—38 for all g, b=2% The relation 7 is
transitive, Hf 8 = 0. In this case P is a weak order,
see, for example [5].

Let us denote by w, the estimated value of
W(C) (j=1,...,n—1) and by w, the threshold
value (w, = §). For these values must hold:

w; =0 (j=1,...,n),

n—1
2ow=1 (1)
i=1
During the process the feasible set of weights is
restricted step by step according to the judgements
given by the decision maker and a proper threshold
value is determined simultaneously.
In each step two digjoint subsets—denoted by
a, b—of C are compared and either aPb or bRa
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holds. If we have m judgements we get a system of
inequalities, since the j-th judgement (i =
1, ..., m) can be formulated as

j=1
where
4 :{ 1 if aPb,
" —1 if bRa,
and
—a, ifCea,
g, 0 HGEaUb (j=1,...,n—1),
a,, itCeb.

Using the algorithm described in the next section
we determine the vertices of

n—1
L={we[R”:w>0, Aw < 0, Euy:l} (2)

=1

where 4 =[a, ;] is an (m, n)-matrix with only —1,
0, 1 entries. (Questions, which would yield an
inequality 2w, < 3w, + w; would be entirely unre-
alistic.) The polyhedron L is the set of feasible
weights and threshold values consistent with every
Jjudgement and each point of L can be obtained as
a convex combination of the vertices. We can
present all vertices to the decision maker to choose
one or some of them, which are satisfactory, or to
exclude the unsatisfactory ones. Due to the inter-
activity we can stop if we reach satisfactory values
before the asking procedure described in Section 4
is finished.

However, in lack of further information we
determine the centroid of L. The vertices can be
viewed as the result of an immoderate strategy in
selecting a point from the feasible set, when only
some of the judgements are emphasized, while the
others are neglected, and the threshold value is to
be increased / decreased as possible. It follows from
the algorithm and the integer entries of A that the
vertices are often too regular, e.g. distances be-
tween different weights are equal, weights are often
equal, the threshold value is either the possible
greatest or equal to zero, (see the illustrating exam-
ple) which are baseless in general. On the other
hand, an optimal solution of a linear optimization
{e.g. maximizing the threshold value—the ‘dis-

tance’ from the faces of the polyhedron) can alter
significantly, if the constraints change (e.g. we take
into account a new judgement). For these reasons
we select the centroid, which is always an inner
point, less sensitive for the change of judgements
and provide a mean ‘distance’ from both the
vertices and the hyperplanes. This point is called
the centralized weights.

3. Determinaticn of the centralized weights

Our task is the determination of all vertices of
L defined by (2). If L is nonempty, these points
‘coincide’—except for multiplication by a positive
number—with the extremal directions of

K={w:w>0, 4w<0}.

It is sufficient to require (1) at the end of the
algorithm, K is a convex, closed cone, so we
utilize the method of total description known from
linear programming. The number of extremal di-
rections is finite, since K is the intersection of
finite, closed half-spaces.

In the 0-th step let

Ko={w wz0}

and let Q, be an (n, »)-matrix, the columns of
which are the extremal directions of K, i.e. the n
unit vectors. We take the judgements into account
step by step, and determine the extremal directions
of the set of feasible solutions. This interactivity
enables us to follow a dynamic asking algorithm,
thus, the number of judgements—-denoted by
m—1is not known at the beginning,

In the i-th step (i = 1,..., m) we already know
the cone

Kii={wiwz20 A,_w<0} (3)

and the (n, g,_;)matrix Q,_; =[xy,...,x,] (g=
q;_1) which—let us suppose—is not the zero-ma-
trix and contains the extremal directions of
| K, —1}. If the i-th judgement can be formulated
as a!w<0,then 41, =[a,,....a,_;]and 4, isa
‘matrix’ which has no entry. Form the vector

T_ T
b, =a;0,_,.

Let e, denote the g,_;-dimensional unit vectors
(s=1,...,q9, ;) and let

N,= {r: b?e,>0}= {r.. e}
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Ny={s:ble,=0}={s1,....55},
N_={1:ble, <0} ={1,,....11}

be the classes of indices according to the sign of
the corresponding entries of b, We write e, N,
N,, N_ instead of the more exact e{, N}, N,
N, but this will not give any conclusion. Let us
construct

P = [esl,...,esS, €8, , e,],],...,e,ﬂ],

the {g,_,, p;)-matrix, where p,= 8§+ T+ RT and

e, =(ble,)e,—(ble,)e,

forall reN,,teN_If p;=0,ie NJUN_=0,
b,> 0, then P, is regarded as a zero-matrix with
pi=1

The (n, p,)-matrix Q,_, P, contains all the ex-
tremal directions of K, defined by (3), where AT =
[4/_,, a;], but redundant vectors may occur in
Q,.,P, and their filtering out is essential. The
matrix @, P, contains the vectors (ble,)x,—
(ble,yx,=(alx,)x, —(alx)x, forall tEN_, re
N, which are the cross-points of hyperplane a;w
=0 and lines connecting all the pairs of extremal
directions of K, ; separated by the hyperplane
aw=20. Among them, vectors may occur which
are not extremal directions of K,. We must de-
termine for which vectors of @, P, =[yy,..., y,]
( p = p;) the corresponding vectors

5=(0 C4,3)") (k=1..p) @
are the basic solutions of the system

w, 20, "w=1, Aw+Eu=0, (5}
where E,; denotes the (/, /)-unit matrix.

Lemma. Vectors (6) are basic solutions of (5) for
all k € N, U N_, where
. T

(xL (“Ai—lxk)Ts _a-irxk) - (6)

Proof. The matrix of the system of equations is

[Af Ef :|
B, = .
ColaT o7

with rank i + 1, so basic solutions of {5) contain at
most /+ 1 positive entries. Since x, € K, ; vec-
tors referred by (6) are feasible solutions of (5) for
alt k€ N, U N _. The column vectors of B,_; cor-

responding to the positive entries of (6) are lin-
early independent, so their extended vectors in B,
are linearly independent of each other, just as they

are independent of the vector (0,...,0, 1, "

(with the ‘1" on the /-th position) corresponding to
the entry —a'x, > 0 for k €N _, i.e. (6) are basic
solutions of (5) for all ke NyUN_. O

It follows from this lemma that it is sufficient to
determine for which vectors y,, ke{S§+T+
1,..., p,)—derived from the multiplication of
Q,_, by the submatrix [e, ,, ... e, , ]of P—the
corresponding 7, has at most i+ 1 positive en-
tries, and the column vectors of B, corresponding
to these entries are linearly independent.

Having filtered out the redundant vectors from
Q; 1P, we get the (n, g;)-matrix (g, <p)Q,, the
column vectors of which are the extremal direc-
tions of K,

If i<m then the (i+ 1)-th step follows. If
i =m, then we standardize Q,, i.e. we require the
fulfilment of (1) for each column of Q,. The
centroid of L= L is given by

w0, (7
where « is the following g,,-dimensional vector

aT=(1/Qm!"‘51/Qm)‘ (8)

If b <0, then L =4, i.e the i-th judgement is
inconsistent with the preceding ones.

4. An asking algorithm and some characteristics

In the following we outline a possible asking
procedure. The fewer the number of questions, the
easier to apply the method. On the other hand, the
more restricted the feasible set, the more correct
the estimation. We propose pairwise comparisons
and the asking algorithm of the Church-
man—Ackoff method [4], since these provide a
proper balance between these expectations.

First, a sequence of the single criteria is de-
termined using pairwise comparisons. Due to the
intransitivity of the relation I, we need all the
{(n—1)}n—2)/2 judgements, because a situation
bRa, cRb but aPc can occur. The decreasing order
of the estimated weights is regarded as the se-
quence C,,...,C, . of critenia, but C,PC, iff
w; > w, +w,, i > j. Secondly, the decision maker is
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requested to compare subsets of criteria to a single
criterion. In the i-th step (i=1,...,n—3) C, is
compared with {C.,,,...,C} (i+2<j<n—1)
for some j, following the algorithm.

Step 1. i=1; j=n—-1
Step 2. f CP{C,,y,....C;}
then go to Step 3
elseif j>i+2
then j:=j—1; go to Step 2
else go to Step 3
Step 3. fi<n—3
then i=7i+1; ji=n—1, go to Step 2
else stop.

This part requires at most (n — 2)/{rn — 3)/2, the
whole procedure in total at most {n — 2)° compari-
sons from the decision maker.

In the i-th step we have to store the matrices A,
with (i, n), Q,_y with (n, g,_,), Q, with (n, g,)
and an (i + 1, i + 1)-matrix to settle the linear
independence. It is not necessary to construct P,
since {); can be formed directly from Q,_, and
from b! =alQ, ,. An upper bound for g, is the
maximal number of bases, i.e. ("7{). For details on
the number of vertices, see [7,14],

Every point of L, is consistent with all the first
i judgements. At the end of the i-th step the
deviation of the real weights and the centralized
weights is upper bounded by

R,=max{d(#", y,): 1<k<gq,)

where Q,=[y,, ..., 5] (g=¢g;) and d(-,-) is

defined by

d(x, y)=

g{ ((x)J J) ) .

It is also expedient to introduce the quantities
Bi=Rymin{d(#", y):1<k<q}

to measure the ‘regularity” of the polyhedron. The
closer this number is to 1, the more the centralized
weights are at the centre of the feasible set of
weights. Each of these characteristics can easily be
derived from the process.

5. Using judgements with different certainties

We can estimate the real weights more precisely
if we take into account the vertices to non-equal

extents, but in proportion to the certainties of the
judgements. It needs further information from the
decision maker. If he/she is more infallible in
his/her i-th judgement than in the j-th one, then
the real weights must be farther from the hyper-
plane |[al|=0 than from a}w=0. Let the ratio
of these distances be A,/A;, where i, je&
{1,....m}, A;> A, >0 (i #7} and having finished
the process

L
YA =1
i=1
must hold. We need p s for which
Ed
and Y p,=1. (9)

i=1

ﬂi/ﬂj=)\j/)\f

It can be easily seen that the p s defined by

p,=1/(;\,.z 1/%) (i=1,...,m)
j=1

satisfy (9). We can use them as measures of ‘close-
ness’ to the hyperplanes,

We determine the weight of a vertex as the
normalized mean of the p-s of the hyperplanes
passing through it. Let

1 if(4,0,),=0 (i=1,...,m;
XU 0 lf(AQO)U<O j=1="'7qm)‘
Then

"";‘:(_i er“r)/(ixu) (j=1....4.),

and for (8) we get

|

We estimate the real weights through (7).

6. An illusirating example

Let us suppose that we have four criteria (n — 1
=4}, and the decision maker does not stop the
procedure, because reaching satisfactory values.
We use the notations of the previous sections.

First, a sequence of the criteria (according to
the decreasing order of their estimated weights) is
determined using pairwise comparisons. The first
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four judgements, their representation, the central-
ized weights wy, . .., w, and the threshold &, the
guantities R;, B,—to characterize the current
feasible set of weights—and the maximal value for
the threshold A, are the following:

1. GPC: —wytwy +850,
w; =05, w,=01, w;=02, w,=02,
6=02, R =097, ;=198 A/ =1;

2. Not(C, PC):
wy =05, w,=01,

—wy +w,— 80,

wy =03, w,=0.1,

6=02, R,=087, B/=171, 4,=1;
3. GPC: —wy+wy+8g0,
wy =057, wy,=01, wy=026, w,=007,
=02, R,=093, B,=250, A,=1;
—wy +wy+8 g0,

4. CPCy:
C owy =058, w, =027, wy=011, w,=0.04,
§=007, R,=051, B,=331, 4=0.33.

The matrix of mnequalities and the vertices of the
current feasible set (contained the threshold values
in the lowest row) are

-1 1 0 0 1
_| 0o o -1 1 -1
A=l_1 o o0 1 1y

0 -1 1 0 1

1 3 3 % 3

0 3 3§ F 3
Q=10 ¢ 3 0 3

0 0 0 o 1

(00 0 3§ 0

We can get all the weights and thresholds con-
sistent with these judgements as convex combina-
tion of the columns of Q,. We propose the mean
values as a compromise among the immoderate
selecting strategies, the result of which are repre-

sented by the column vectors. The fifth judgement
5. GPCyr —w +wy+8<0

is redundant, because the decision maker was con-

sistent with the transitivity of P, hence Q5 = Q,.
The reverse judgement would make the feasible set
empty. Since each column in @< consistent with

6. GPCo: —wy+w,+8<0,

therefore after the pairwise comparisons we have
the sequence C,, G,, C;, C; for the subsequent
comparisons, but this does not mean a ranking in
P

In the 7-th step we get

7. Not(C,\P{C,, G, Gy} ):
wy—wy, —wy —w, — 80,

and after having filtered out the redundant vectors
we have

7 03 F %2 3| w =048,
;03 b i wm=032,
Q=10 5 0 1 %[ w=016,
0 0 0 L 0| w=004
00 3 0 0| 8=007

R;=025, $,=195 A,=0.33
The result of next comparison
8. CIP{C, G} —wy+w+w,+8<0

excludes only the second column from ¢, and no
new vector arises, so the values change slightly:

wy =052, w, =032, wy=011, w,=005
§=008, Ry=024, B,=148, A,=0.33.

From the last comparison

9. Not(GP{C;, Cu)): wo—wy—w,—8<0

we have for the vertices of the final feasible set
and for the centralized weights and threshold

I 0F 3 3| w=050,
3% a1 3| wy=027,
Qy=10 1 % 1| w=015,
0 0 1| w=008,
1 0 0 0] 6=008,

Ry=025, B,=2.69, A,=0.33.

If the decision maker is satisfied with these values,
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we can draw the conclusion that {C,, C,}P{C,,
C;}, because 0.50 + 0.08 > 0.27 + .18 + 0.08
holds for their weights.
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